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Accurate Estimation of the Error Probability
In the Presence of In-Band Crosstalk
Noise in WDM Networks

Thomas Kamalakis, Thomas Sphicopouleember, IEEEand Manolis Sagriotis

Abstract—In-band crosstalk noise can pose important lim- crosstalk beating noise, and the crosstalk—crosstalk beating
itations in_ wavelength-division-multiplexing (WDM) optical  npise. When only the signal-signal contribution and the signal—
networks. This paper describes a model that takes into account crosstalk noise is assumed, then in the case of a large number
the statistical behavior of in-band crosstalk noise accurately and . . ' o . .
that can be used to estimate the error probability (EP) ina wpmM  ©f interfering channels, the probability density function (pdf) of
receiver. It is based on the formulation of the moment-generating the decision variable can be assumed Gaussian and the EP can
function of the decision variable in terms of a double integral, be easily computed. Despite its simplicity, the Gaussian model
which allows the inclusion of the crosstalk—crosstalk noise, which cannot accurate|y describe the Signa|_crossta|k noise, espe-
was previously neglected in the literature. The optical amplifier cially when the number of interfering components is not large
noise and the electrical receiver noise are also incorporated, and . o .
the model is used to assess the implications of the crosstalk—[3]' Since the exact pdf.of .the crosstalk noise is pot known in
crosstalk contribution. With the aid of some examples, it is shown closed form, an alternative is to use the saddle point method for
that the crosstalk—crosstalk noise can influence the value of the the evaluation of the EP [4]. The saddle point method computes

EP, change the optimum receiver threshold, and introduce some the EP from the moment-generating function (MGF) of the

power penalty. decision variable at the receiver. Most of the previous models
Index Terms—Crosstalk, error analysis, optical receivers, wave- neglected the crosstalk—crosstalk contribution at the receiver,
length-division multiplexing (WDM). in which case the MGF of the decision variable is known in

closed form and the EP can be easily computed numerically

[3], [5]. Other analyses assumed that the components of the

_ ] crosstalk—crosstalk contribution are mutually independent and
AVELENGTH-DIVISION multiplexing (WDM) [1] yncorrelated from the signal—crosstalk contribution [6], which
is a promising technology for the realization of optical,ay not provide an accurate description of the situation since

networks because it allows the full utilization of the larg@q of these contributions originate from the same optical

bandwidth of the optical fiber. In WDM networks, wavelength. .o «ctaik noise.

multiplexers and demultiplexers play a central role by allowing |, 17 it is noted that the inclusion of the crosstalk—crosstalk

the combination and separation, resp_ec_tively, of th_e W_avelen%%'ating term can affect the pdf of the crosstalk noise. However,
chanpe_ls. However, asa result of their imperfect fllterlng Chatrﬁe influence of the crosstalk—crosstalk noise in the value of the
acteristics, the separation of the wavelengths at the receiver was not considered in the previously mentioned study. More-
not be ideal, leading to performance degradation due to crosst&ogér the calculation of the MGF through which the pd.f Was

noise. Crosstalk noise is divided into two categories: in-band a . . . . .
out-band crosstalk noise. Out-band crosstalk noise occurs wk(? rr]nputed was accomplished using-dimensional numerical

) . . . : integration, wheré/ is the number of interfering channels. As

the carrier frequencies of the signal and the interferer differ by an . . ;
, o A result, the calculation of the MGF can prove a time-consuming

amount greater than the bandwidth of the electronic filter, whife ™. . . e

. : : k if the number of interferer® is large. The implications of

in-band crosstalk noise occurs otherwise. Out-band CrOSSt%e crosstalk—crosstalk noise in the performance of the system

noise can be removed by additional filtering at the receiver. P Y

In-band crosstalk, however, cannot be removed and can therefg?ée considered in [8], assuming that the number of interferers

degrade the error probability (EP) of the system [2] isinfinite (M — oo). Inthe absence of optical amplification, the
: ' g?ﬁision variable was shown to follow a noncentral chi-square

order to assess the implications of in-band crosstalk on systgmtglbutlon,twhose MG!{: IS I_<tnown 'E clost(;d tform. _Ustlrr:g the
performance. In order to evaluate the EP, the statistical behaV?S']d €-point approximation, it was shown that even in the pres-
of the decision variable at the receiver must be consider&dic® of optical amplification, the crosstalk—crosstalk noise can

If the receiving photodiode is assumed to act as a square | \%”'f'c?‘”t'y affect_the value of the EP, can chan_ge the value of
device, then the decision variable can be written as the s optimum receiver threshold, and can also introduce some

of three contributions: the signal-signal beating, the si nafoWer penalty. - .
g 9 g 9 In this paper, an efficient method for the calculation of the

MGF of the decision variabl® is presented in the practical

I. INTRODUCTION
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of D can be expressed in terms of a double integral. For neg: Opdiest Photodiode Decision
ative argumentss( < 0) it is shown that this double integral ,\Amph lerr——--——-—“: - Circuit «j»
reduces to a simple Sommerfeld integral that can be computer | ™A% | oOptical e

efficiently using the saddle-point approximation. For positive J\’; , A i FI;lter 'ﬁ Integrator | e
arguments { > 0), an efficient numerical integration proce- L SO i 0
dure is described for the evaluation of the MGF. The model is ) ) )

then extended to take into account both the amplified sponfad 1+ Typical receiver diagram.

neous emission (ASE) noise of the optical amplifiers and the

electrical noise of the receiver. Using this model, the influence  1ll. RELATION BETWEEN THE DECISION VARIABLE

of the crosstalk—crosstalk noise is discussed. It is shown that, AND THE CROSSTALK NOISE

as in the case oM — oo, the crosstalk—crosstalk noise can |, yhis section, an expression relating the decision variable
strongly influence the performance of the system and should Rt the influence of the ASE and thermal noises) with the
talfl?hn Into acfcohunt N sys_tem des_lgnc.i foll In Secti amplitudes and the phases of the signal and the interferers will
th € rlestt_o t ftr?ag‘; f's orgtﬁnli/leGFasf 3] 0\(/jvs. n eCt'(_)ane given. This expression will subsequently be used to formu-
gevtarl]ua l?jr(;lo e t E%md' eb iofl ortne ZCIISIOSn V?_”auﬁte the MGF of the decision variable in terms of a double inte-
using the saddle-point method IS briefly reviewed. In Section liy o 1, g optical receiver, without optical preamplification, the
the crosstalk noise is related to the decision variable at the %’mplex envelope(1) of the optical field at the input of the

ceiver. Using the results of Section Ill, a double integral forer"éceiving photodiode is given by the sum of the sigmal¢ 0)

lation for the MGF is derived in Section IV, and it is shown that .
. ; X aad the noise components (> 1)
for negative arguments, this formulation can be further reduce

to _a_single S.ommerfeld—type integral, wh.ich can be computed E(t) = go(t) exp (o) + Z gm(t) exp (Gidm).  (5)
efficiently using the saddle-point approximation. An efficient 1

method for the calculation of the MGF for positive arguments is _ B )

also presented. In Section V, the accuracy of the calculated MEFO). the functionsy,, (¢) are the pulse shapes of the signal
is discussed, and in Section VI, the model is extended to includé = 0) and the crosstalk components (> 1). The random
both the ASE noise of the optical amplifiers and the electricRNas€s¢n describe the phase noise of the signal and the
noise of the receiver. Using the extended model, the importarf¢@sstalk components. If the noise components and the signal
of the crosstalk—crosstalk noise in a WDM receiver is analyzédl originate from different laser sources, as in the case of

in Section VIL. an arrayed-waveguide grating (AWG) interconnection [3],
then the phases,, are all independent of each other. The
Il. COMPUTATION OF THEEP FROM THE MGE phase noises are Gaussian but can be modeled as uniformly

distributed inside {=, 7] at the incoherent crosstalk regime.

If the MGF of the decision variable.is known in closed form Oft should also be mentioned that the signal and the crosstalk
can be accurately computed numerically, then the saddle PiRtse components in (5) are assumed to be copolarized and
method can be used to evaluate the value of the EP [4, Ch. t the bits of the interfering channels are all “1.” This clearly

More specifically, letD be the decision variable at the receiveFe|oresents a worst case scenario
and Mpju(s) the conditional MGF ofD, given that the signal A typical receiver diagram of a direct detection amplitude-

bitis b, = 1.1f shift-keying (ASK) system is given in Fig. 1. The photocurrent
Wi(s) =In Mp|i(s) — as +In|s| (1) i(¢), which is induced in the photodiode by the optical field, is

whereq is the decision threshold at the receiver, then by Iocatir%Ven by

the saddle poinfll of W1(W/(s1) = 0) which is fqund on the i(t) = L|E(t)|2 (photoelectrons/s) (6)
negative real axis [4, Chp. 5], the error probability; in the 2h fo

caseb, = 1 is approximately given by In (6), n is the quantum efficiency of the photodetectois
exp (W7 (s1)) @ Planck’s constant, anf} is the central frequency of the optical
\/m' field. The effect of the electrical noise is neglected in (6). To
avoid carrying out the factof/(2h fo) in further calculations,
fRe optical field is normalized so thay/(2hf,) = 1. By re-
placing (5) with (6), the following expression is obtained for
the photocurrent

L(t) = Z Z gm(t)gn<t) eXp (J (d’m - d’n)) - (7)

m>0n>0

Pa=PD<a|b=1)

A similar procedure can be carried out when the signal bit
bs = 0. If Mpo(s) is the conditional MGF ofD given that
bs = 0 and

Wo(s) =1In Mpjo(s) —as +In|s] (3)

then, by locating the saddle poisg of Wy(s) on the positive

real axis, the error probabiliti. given thatb, = 0 is approxi- .
mately given by It can be assumed that the signal pulses have all the same shape,

i.e., gm(t) = cmy(t), wherec,, is the amplitude of optical
M, (4) crosstalk noise componemt. In the case the signal bitég = 0
27 W' (so0) and if a perfect extinction ratio is assumed, thgn= 0. Note
After calculatingP.o, and P.1, the EP at the receiver can bethat if the energy of the pulsgt) is equal to unity[OT lg(t)|> =
calculated a¥’P = 1/2(P.o + P.1). 1), thenc? is equal to the signal energy inside the bit duration

Pw=P([D>a|b,=0)=
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T. In the same way ifn > 0 thenc?, is equal to the energy of IV. FORMULATION OF THE MGF OF D
the interfering channekh.. The decision variable is given by USING A DOUBLE INTEGRAL
T In this section, two auxiliary random variablds and V'
D(T) = /i(t)h(T —t)dt (8) will be defined, and the MGB/(s) of D when the crosstalk—
s crosstalk noise is included will be expressed in terms of these

variables instead of the,,. This will result in a two-di-
ensional (2-D) integral formulation fa¥/(s) instead of an
-dimensional one. LeR andV be defined as

whereh(t) is the impulse response of the receiver filter &d
is the bit duration. If the electronic filter is assumed to be
finite-time integrator (integrate and dump filter) the(t) = 1

for ¢ inside [0,7"]. The amplitude of.(¢) is chosen equal to 1 R = Z Cm COS b, V= Z Crn SIN Dy - (12)
inside [0,77] in accordance with [4, pp. 106—107]. If one wishes m>0 m>0
the electronic filter to have unity gain at dgt) mustequal /7" Using (9), it is easy to prove that
inside [0,77]. This simply results in a different normalization of D=R24 V2 (13)
the signal and noise power and does not affect the final results. '
Using (7) and carrying out the integration in (8) As will be shown next, the joint MGR/ gy (js,,js.) of R
) andV can be expressed in closed form and depends only on
D=D(T) = Z Z CmCn eXP (J (m — dn)) z = (s2 + s2)1/2. As a result of this, the joint pdfzy (7, v)
n20m20 will be expressed as a Hankel transformMf;y-. Using this
=c2+2 Z €mCo €08 (pm — o) expression offry, the MGF of D will then be expressed in
m>1 terms of a 2-D integral of a function also known in closed form.
+ ; ngl Emn ©XP (7 (bm — Pn)) ©) A. Joint MGF ofR and V/

Equation (9) is the desired expression relating the decisionTheJOInt MGFMky (jsr, js») of R andV'is given by

variableD of an optical receiver with the amplitudes and phases Mgy (38, 550) =E {exp (js, R+ js,V)}

of the signal and the crosstalk noise components. Inspecting the .

last equality of (9), it can be deduced that the decision variable :E{eXp (Z jem (s cos i

D can be decomposed into three parts: the signal—-signal beating "

term (2), the signal—crosstalk beating term (single sum), and + Sy Sin ¢m)> } (14)
the crosstalk—crosstalk beating term (double sum). Note that if

the crosstalk—crosstalk beating term is ignored, then the MGbstitutings = (s2 + s2)'/2 andf = tan~'(s,/s,) in (14)
of D can be written in closed form [3] obtains the result

M(s) = E{e*?} = My (s) = exp (c§s) H Io (2mcos) - Mgy (jsr,jsv) = E {exp (JJZ’Z Cm €OS (P — 9)) } .

m>1
_ (10) (15)
Here, E{-} denotes expected value, aid,(s) is the MGF gjnce the phases,, are uniformly distributed infx, 7], the
of D without the crosstalk—crosstalk contribution and the INIGF of cos(¢,,, — 6) is given by E{exp(jb cos(¢, — )} =
fluence of the ASE and electrical noises. The functignis £ {exp(jbcos ¢ )} = Jo(b), wherel, is the Bessel function of

crosstalk—crosstalk noise is not neglected however, there is no

closed form formula fofM (s). In this case, for finiteM/, the Mgy (isr.ds0) = Me(@) = [ Jo(cmz).  (16)
MGF can be computed numerically, from thé-dimensional m20
integral [7] In (16) and throughout the paper, all the interfering bits are
W W assumed to be 1, which represents a worst case scenario. If,
M(s) = 1 /Ch//l o / dibar instead, the interfering bits are assumed to take the values 1
(2m)M v and 0 with equal probability, then it is easy to show that the
- - theory presented subsequently still applies if the funclifuz)

of Jo(cmz). From (16), it is deduced that the joint MGH gy

M . . . .
o is written as a product of the functioh$2(1+.Jy (¢, )) instead
esp ( 5 cmcnem_wn)) o p £2(1+Jo(c0))
of R andV depends only om = (s2 + s2)'/2.

m,n=0

As shown in [7], althoughD depends o + 1 random vari-
ables (o, . . ., ¢ar), one can reduce the dimension of integratioB. Joint pdf ofR and V'

by 1. This can be done by integrating with respect to the vari-Tne joint pdf fgy (r, v) of R andV is given by the inverse
ablesyy, = ¢m — ¢o wherem > 0. As M begins to increase poyrier transform oM sy (js,, j s, )
however, theV/ -dimensional numerical integration can become /

+o00 4o
quite a time-consuming task, which may not provide very ac- B - M L
curate results. In the next section, an alternative double integFﬁP"(T’ v) = An2 Ry (78, 750)
formulation for M (s) will be presented, which can be used to —oo —oo

calculateM (s) more efficiently and accurately. eI tse) gg ds,. (17)
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Changing the variables of integrationtandé Therefore, since the value @f can not exceed?, fp(d) = 0
for d > L? and using (24), it is deduced thfky-(z) = 0 for
x > L. As a consequence, the upper limit of integration in (22)

1 ; b ; ,
frv(r,v) = 2 / wM.(x) / e~ImPees@=1)4hdS  (18) can be set td, instead of+oo, and (23) can be written as

“+oo 27

0 0

+oo L
wherep = (r2402)Y/2 andy = tan~!(r/v). Using the integral M(s) = / dexM.(z)x / d/)JO(:B/))peSp2 (s >0). (26)
representation of the Bessel functidn[9, Sec. 9.1.21] 5 5

2 ' The 2-D integral formulation oM (s) in (26) will prove useful
/d&e‘”” os(0=v) = 97.Jo(zp) (19) for the computation of the MGF when> 0.
o The fact thatfgy (z) = 0 for z > L can also be derived by
directly substitutingM/..(z) from (16) into (20), in which case
the double integral of (18) is written as frv(p) is given by
1 +o0 1 +o0
frv(r,v) = frv(p) = 5 / M. (z)Jo(zp)zdz.  (20) frv(p) = o ./0 Jo (coz) -+ Jo (cpz) Jo(wp)zdz.

0
This integral is known to be zero [10, Sec. 6.573], fo>

Equation (20) states the fact théty (p) andM.(x) arerelated [, = ¢, + --- + cp;. Whens < 0, the order of integration in
through a Hankel transform pair. (23) can be changed, and (23) can be written in a similar form

C. MGF of D = R? + V2

+o0 —+oo
The MGF of D (without the electrical noise contribution) is M (s) = / deM.(z)x / dpJo(:zrp)pes”2 (s>0). (27)
given by J /

+o00 400
M(s)=E {es(R2+V2)} — / / ps(r?+v?) D. Evaluation ofM (s) for Negative Arguments(< 0)
o0 —o0 The double integral in (27) can be reduced to a single one,
fryv (r,v)drdv.  (21) since the inner integral is known in closed form [10, 6.631.4]
fors < 0
Changing the integration variables from ) to (p, ) defined oo
in Section IV-B, (21) is reduced to 2 1 20
/ dpJo(zp)pe’” = ——e” /s) (28)
2s
+o00o 0
Ms:27r/es’]2 (p)dp. 22
(#) J pe™” fav(p)dp (22) By substituting (16) and (28) into (27} (s) is written as
. . . . . . —+o0
Substituting (20) in (22), the following expression fof(s) is 1 )
obtained: M(s) =~ /il?Jo (enr) -+ Jo (com) e” /W dz. (29)

0

oo
M(s) = / pes?’ / e M.(z)Jo(zp)dpda. (23) Equation (29) holds fos < 0 which is the interval in which

2 M (s) must be known in order to evaluafé; using (2). The
path of integration of (29) can be extended in the entire xeal
Note thatfrv(r,v) = frv(x) is directly related to the pdf axis, if the Bessel functiody(coz) is replaced by the Hankel
fp(d) of D = R? + V2. Indeed, using the transformationfunction " (coz) and the integral is divided by two. This is a
D =R?*+V? W =tan"*(R/V), whereW € [0,2r] and ap- standard practice in electromagnetism, where integrals of sim-
plying the theorem of transformation of random variables, orilar type often occur in the computation of Green’s function in

0

can easily show that a layered medium [11]. In doing so, (29) is reduced to
_ frv(Vd) +oe .
f(d) = 2 (24) M(s) = _4i / wdo (earr) - HyV (com) e /49 dz. (30)
S

— 00

Since the decision variablP is given by (9), it is easy to see

2
that0 < D < L7, where Integrals of the type of (30) are known as Sommerfeld inte-

M M grals. The amplitude of the signa is in general much larger
L= Z Cm = Co + Z Com- (25) thanthe amplitudes of the int_erfere@(m > 1),_ and therefore,
oo’ the saddle-point approximation can be used in order to evaluate

m=0
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(30) with high accuracy. Sineg > c¢,,, one can use the asymp- iIm{x}
totic form of the Hankel function [9, Sec. 9.2.3], as follows:

, +7 -
HSY (com) = | /—Tixeﬂ@om—ﬂ/@. (31) y .

Let the functionF'(y) be defined by

C, Relx)

M 9

1
F(y) = H Iy (emy) exp <—i— — coy> . (32) Fig. 2. Deformation of the original contour of integratich (positive real
m—1 s axis) to the contour€’, andC';.

Using (31) and (32), one can approximate (30) as To facilitate the numerical calculations, the contour of inte-

/3 tjoo gration is deformed to a straight lirig;, parallel and above the

~ —JV2 . positive real axis (see Fig. 2). To justify this deformation, we

M(s) = d F) 33

() 4s./mcy / yvye (33) first note tha‘gthé1 (jtp) = 2tKo(tp)/m, whereKy(z) is the
el modified Bessel function of the second type [9, Ch. 9]. Hence,

where f(y) = In(F(y)). The saddle poiny, of f(y) can be thél)(jtﬂ) is real fort € # and the functior(z, s, p) in (36)
located by solving numerically the equatigh(y) = 0. The IS purel_y regl along t_he path, of _Flg._ 2. SlnceC_g lies entirely
derivative off (y) can be computed either analytically or numerOn the imaginary axis, the contribution of the integral aléhg
ically. The value of the integral in (33) is approximately given b{f Purely imaginary. The MGF is the real part of the integral (38)
the contribution of the neighboring points @f on the steepest and the contribution of’, can be ignored. Hence, the integra-

descent path passing through which is given by [12, Ch. 6] fion can ge carried out alon@s = {z + jgq,z > 0}, andM(s)
is given by

oo
-2y
F@) gy = [ 225 1) M(s) =
ye y = e . (34)
/\/_ f”(’le) oo

—joo
Red [ daMi(o+jo)(a+ ja)Gla + o, L) §
Using (30)—(34) M (s) can be approximately written as 4
1 - (39)
M(s) = o L E——O (35)
[sIV cof" (ys) The value ofg should be chosen so that the oscillations
Sincef(y) is known in closed form ang”(y) can be com- of the int_egrand of' (39) have the smallest possible. ampli-
puted either analytically or numerically, (33) can be used to ¢&de- A likely candidate is the valug = g, for which
timate the MGF ofD once the saddle point, is located. The |Mc(jq)G(jg, s, L)| becomes minimum. For this value of
error probabilityP.; in the case where the signal bitlig = 1 the oscillations ofM..(2)G(z, s, L) along C3 will start with
can then be computed froi (s) using the method outlined in the minimum amplitude rendering the integrand more suitable

1

Section 1. for numerical integration. These remarks are better illustrated
in Fig. 3. In Fig. 3(a)log, [M:(j9)G(jq, s, L)| is plotted for
E. Evaluation ofM (s) for Positive Arguments(> 0) s =3,c0 =0,¢1 = -+ = cig = 0.25, and it is seen that

the value ofg = ¢o that minimizes|M.(jq)G(jq, s, L)|, is
2~ 10. In Fig. 3(b) and (c), the real part of the functions
() = M (2)G(x,s,L) and Fy(x) = zM.(2)G(z,s, L)
herez = j10 + x) are plotted, respectively. It is clearly seen
that the amplitude of the oscillations &f («) is much lower

L ) ) than those off;(z). Since, as explained previously, the value

G(z,s,L) Z/ dpHy "’ (2p)pe’ . (36) of M(s) can be calculated either from the integral Bf()

0 or Fy(x), it is preferable to integraté,(z) in order to obtain

As shown in Appendix A, an asymptotic closed form fo/(s).

Inthe case where > 0, the 2-D integral formulation a¥/ (s)
cannot be reduced further, since the inner integral of (26) is
known in closed form. To facilitate the numerical integration of
(26), we define the functiot¥(z, s, L) as W

G(z, s, L) valid for large complex is The evaluation of the functio@(z + jq, s, L) given by (36)
I 9 can be easily accomplished using standard numerical integra-
G(z,s,L) = —Hfl)(,zL)eSL2 +i (37) tionmethods. Then, the functiad (s) can be computed numer-
4 4

ically using (39) and the computed values@fz + jq, s, L).

SinceRe{HéO)(t)} — (1) for t € R, the integral in (26) can For largez, the asymptotic form oG_(z,s,L).glven in (37) can

b : be used to speed up the computations. This procedure proves to
e written as X :

be accurate if the number of interferevs does not exceed 70.

o0 As will be shown subsequently # > 60, then the limiting
M(s) =Re / deM.(x)zG(x,s,L) p . (38) form of M(s) asM — oo can be used to approximately esti-
3 mate the EP.
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3 604 4E+19- 3E+11-
= (@) ~ (b ] (©)
S 3 —_
Ny o 2E+19- N 2E+11-
= 40+ N Iy :
= /(_D\ OE+0 I O 1E+11+ |
= 20- = 1 = 1)
i — = -2E+19- § OE+0- | —
20 -4E+19 — -1E+11 ; b
— 0 10 20 30 40 0 2 4 6 8 10 0 4 8 12 16 20
q X X
Fig. 3. (a) The functiotiog,, |M(7q)G(jg, s, L)| with respect tay. (b) The functionM (x)G(z, s, L) with respect taz. (c) The functionM (x + jqo)G(x +
/o, S, L) with respect tor. The functions are plotted fa¥/ = 16,¢o = 0,¢1 = -+ = ¢16 = 0.25, ands = 3.
Jo,s, L) p p
¢ () , 407 (b) . Fors < 0, the results obtained using the saddle-point approx-
-107 2 30, o imation and direct numerical integration of (29) along the real
= 207 § | axis are compared in Fig. 6, fer< 0. The numerical integra-
= 304 . = 20 - tion procedure applied is a slight variation of standard Gaussian
=] 1 o o . . . .
%T) 404 E‘J . . quadratgre [13]. The integral in [8;00) is approxmated by the
= ] 0+ .t integral in the interval [0g .« ], Wherez . is chosen so that
ol T the exponentiabxp(z2,, /4/s) in (29) is below10~%°. This
h 0+ . . . .
20 -1.6 -12 08 -04 0.0 00 20 40 60 80 100 ensures that the v_alue of 'Fhe integral ifuLy, +00) is negli-
s s gible and that the integral in [G;00) can be approximated by

gﬂe integral in [0,z,.x]. Next, the zeroes of the integrand are
0

Fig. 4. Logarithmic plot of the numerically computed MGFs (solid lines) an . " L .
J J g y comp ( ) cated in the positive real axis inside the interval 4Q,..]-

MGFs obtained using (40) (shown with circles) for{d)= 1,s < 0,¢o = 10,

cp=1land(b)M =2,5s>0,co =0,c, = 1,ande, = 1. The located zeroeéz;} define intervalsX; = [z;, z;41] in
which the integrand is smooth and where Gaussian quadrature
V. ACCURACY OF THECOMPUTED MGF can be accurately applied. The value of the integral in: Q]

Before the theory developed in the previous sections is a{B—the sum of the computed vaIue; of the integr_als_ in the intgr-
plied, it is useful to investigate the validity of the compute als X;. It should be noted that this procedure is likely to fail

MGFs. In the special case where there are only two nonzerd® ' Iargze, n V\_’h'Ch case the rate of decay of the exponen-
amplitudesc,, for 0 < m < M, then M(s) is known in tial exp(z?/4/s) is slow and the integrand of (29) undergoes

closed form, and a first test is to compare the computed MG ny sign chang_es N [Oinay]. In the cor_nputatl_on of the EP
with their closed forms values. ¥, and ¢, denote the two . y the saddle-point method presented in Section I, thf MGF
nonzero amplitudes from (9), théreduces td) = 2 + 2 + is expected to reach very low values (even below thzm?°).
2y cOS(da — ). Using thé fact that the expectgd vélue 0g:onsequently, a numerical error in the estimation of the inte-

exp(scacy cos(da — p)) 18 Lo(scacs) [3], it is easily deduced gr_al of the ord_erl_O__16 (due _to_roundoff errors, for example)
that the MGF is given by will cause a significant deviation between the computed and

the actual value of\/(s) if the actual value ofM (s) is very
Mp(s) = e*(cated) I, (2¢qcp8) - (40) small. This is readily seen in Fig. 3, where the results obtained
0\%\/ith the saddle-point method and Gaussian quadrature are com-
pared forcp = 10 ande¢; = ¢ = ¢3 = 1 in Fig. 6(a),
cp=--=rc¢ =05 in Flg 6(b), andc1 =---=cgs = 0.1

- __in Fig. 6(c). For values of the MGF abou®~'*, the results

c2 =, = 1. The agreement between (40) and the numencallcl}f:)tained by numerical integration and the saddle-point approx-

computed MGFs is excellent in both cases. imation agree very well, but for lower values, the MGF ob-
In order to test the validity of the computed MGFs in the case. 9 y ; '

. ained with numerical integration behaves rather strangely for
where the number of nonzers, is larger than two fos > 0, . . .
. . LY : reasons explained previously. It is therefore preferable to use
the MGF obtained with the numerical integration procedure OL{ﬁe saddle-point approximation in order to compute the MGF
lined in Section IV-E is plotted Fig. 5, along with the asymptotic '

MGF (B3) for larges obtained in Appendix B. The MGFs areitSI;ISS ?#S?O%ie:glli;d(er;\?v%s;mﬂ; t_h}at thivﬂ???:ni\ceergis t;
computed forcg = 0 ande; = ¢2 = e¢3 = 1 in Fig. 5(a), ymp al® oo 9 y

In Fig. 4(a), the numerically computed MGF and the MGF
(40) are plotted fos < 0, for cyg = ¢, = 10 ande¢; = ¢, = 1.
The same is done in Fig. 4(b) fer> 0, forc; = ¢, = 2 and

chi-square distribution [8]

cp=---=c1=0.5 in Flg 5(b), and:1 =---=cgq = 0.1 in
Fig. 5(c). In all three sections of the figure, the numerically com- 1 T +ch 2c0\/T
puted MGFs eventually converge to their asymptotic values, and fa(z) = PR Io o2 (41)

this convergence becomes slower as the number of interferers
M increases, as explained in Appendix B. The agreement tygiere
tween the asymptotic and the numerical value of the MGF is M

a strong indication that the numerical integration procedure of 2 _ Z c2 (42)
Section IV-E produces accurate results.
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Fig. 5. Logarithmic plot of the asymptotic MGFs (shown with circles) and MGFs calculated by contour deformation and numerical integratiore§@dbd lin
co=0and: (@M =3,¢c, =co=c3=1;(b)M =16,¢;, = -+ = ¢35 = 0.5;and ()M = 64,¢; = --- = ¢cg4 = 0.1.
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Fig. 6. Logarithmic plot of the MGFs calculated with the saddle-point approximation (solid lines) and numerical integration along the reahaxisifsho

circles) forco = 10and (@M = 3,¢1 = co =3 =1; ()M = 16,¢; = --- = 16 = 0.5;and ()M = 64,¢y = -++ = ¢4 = 0.1.
gj P VI. INCLUSION OFASE AND ELECTRICAL NOISE
- ' 4
IE-52% T In this section, the model will be extended to include the op-
IE-6= o tical amplifier ASE noise and the electrical noise at the receiver.
IE-72 | Py In this paper, it will be assumed that the transfer function of the
IE8= o . e
. 1E9 ‘ optical filter following the amplifier is rectangular and that the
A 1E-10 ‘g P guantum efficiency of the photodetector is equal to unity. Under
1E-11 ' P, these assumptions, the MGF of the decision varidh]eof the
1E-12 ‘ ‘ amplified systemM, (), conditioned on the decision vari-
iE:i 1 able of the unamplified systei (measured in photoelectrons)
s I is [4], [8]
1E-16 T T T T \ 1 Q@ DGs
M, = —— > — . 43
0 10 20 30 . 40 50 a|D(8) <1 — N05> exp (1 — Nos> (43)
IOOa/(Gco )

In (43), Ny = ns, (G — 1) is the power spectral density of the
ASE noise, whileG andng, are the gain and the spontaneous

Fig. 7. Convergence of the left tails of the pdf of the decision variable to their . . . . .
asymptotic chi-square form whelW — oo. It is assumed that, = 10 and €MISSION parameter of the optical amplifier, respectiv@ly- 1

o2 = 1. is equal to the producB7" of the bandwidthB of the optical
filter with the bit durationT” (Q is assumed to be an integer).

In the case of finiteM/, it is possible to calculate the left taiIsTakIng the expected value afl, p(s) with r.e_spect toD, one
: . o . can calculate the MGR/, (s) of D, unconditionally ofD
of the pdf by numerically differentiating the cumulative prob-

ability density function (cpdf) oD given by (2). The left tails 1 Q@ DGs

of the pdf of D for the case;y = 10, 0> = 1 andM = 20, Ma(s) = E{MaID(S)} = (m) (m) :

60 100 180 are plotted in Fig. 7, along with the left tails of the (44)
asymptotic pdf obtained using (41). For finité, it is assumed

that the interferers have the same amplitude @g.= ¢1, for It is therefore deduced that the MGH, (s) of the optically

m > 0). It is deduced that the pdf dD gradually converges amplified system can be directly computed from the MGF of
to its asymptotic chi-square distribution. In fact, faf > 180, the unamplifiedM (s) system with a simple change of vari-
the pdf of D is practically indistinguishable from its asymptotiwble(s — DGs/(1 - NOS)) and multiplication with the factor
distribution. (1 — Nos)~L. Although (44) holds in the case of a rectangular
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optical filter, it is easy to obtain an expression similar to (44) 1E-2 = N=5
for a nonrectangular optical filter, in which case (44) is slightly 1E-3 3 d/ N=10
more complicated [14]. 1E-4 =

The electrical thermal noise, which is neglected in (44), can 1E-5 =
easily be incorporated. The thermal noise is assumed a Gaussian 1E-6 =
additive noise, whose MGF iscp(a2, s2/2), whereo?, is the IB7 . ———=
thermal noise power. Therefore, to include the thermal noise a7 g3 ;
influence, the MGF of the decision variable must therefore be 1E-9 =
multiplied by ezp(o?, s2/2). 1E-10 =

1E-11 <
VII. | MPORTANCE OF THECROSSTALK—CROSSTALK NOISE 1E-12 =
The model presented in the previous sections will now be 1E‘13‘§ N=1

used to assess the implications of the crosstalk—crosstalk noise ~ 1E-14
in the performance of the system. Assuming a simple nonreturn- 1020 30 40 50
to-zero (NRZ)oN-OFFkeying, then in the case where the signal 100a/(Gc()2)

bitisbs = 1, the energy of the optical signal (in photons) before

; i At ; ; 2 _ p - Fig. 8. (a) Error probabilitiesPcc when the crosstalk—crosstalk noise is
the optlcal ampllflcatlon will be given byo - PmT/(th)’ included (solid lines) an@®? ; when the crosstalk—crosstalk noise is neglected

whereP,, is the incident optical power of the signal at the amgashed lines) with respect to the threshold at the receiv@@xpressed as
plifierinput, & is Planck’s constant, ariithe bit duration. Inthe percentage of the input signal ened@y; at the receiving photodiode). (b) The

case wheré, = 0, assuming a perfect extinction ratig, = 0 asymptotic gdfs‘a(ar) andg, (z) of the unamplified system in the case where
’ T e " ¢o = 10 ando? = 1.
The power of the thermal noise (in photoelectr"qﬁé) isequal

=]

too?, = 2kpTkT/(q?R1) wherekp is Boltzmann’s constant, 1E-10 =
Ry, the load resistor of the photodetect®y; the temperature 3
. . . . 1E-11 =
(in Kelvin), while ¢, is the charge of the electron. 3 /
In Fig. 8(a), the error probabilitieB’; when the crosstalk— lE'lzé Asymptotic
crosstalk noise is included and the signal bitis= i are plotted IE-13 2 prp
with solid lines for various values of the decision threshobt 1E-14 =
the receiver (expressed as a percentage of the number of photo- ~ _ 1E-15 =
eIectronchg of the signal at the photodiode output in the case _ 1E_16g
bs = 1), assuming that/ = 32, P,, = —30 dBm,G = 30 dB, 1E-17 =
ngp = 1, T = 100 ps (corresponding to a bit rate of 10 Gb/s), 1E-18 =
B =10/T = 100 GHz,R;, = 10012, and signal-to-crosstalk lE-l9§
ratio SXR = 20 dB, where 3
9 1E-20 =
SXR = 6702 (45) 1E-21 —
21 0 20 40 60 80

is the optical-signal-to-crosstalk ratio, defined as the ratio of M

the energy of the signal divided by the energy of the crosstalk

noise. Also plotted with dashed lines are the error probabﬁig- 9. \Variation of the EP with respect to the receiver threshold (expressed
’ s percentage of the input signal eneésf at the receiving photodiode) when

itigs Pg; _When the Cr0§5talk_cr053ta|k noise is negl_ggted Oﬁ%'e crosstalk—crosstalk noise is included (solid lines) and when it is not (dashed
tained using the MGF given by (10). The error probabilities préres), forA7 = 32, SXR = 20 dB, andP., = —30 dBm.JV is the number

dicted by the two models are quite different when= 0, since ©f optical amplifiers.

in this case, the signal—crosstalk noise is not present and the

crosstalk—crosstalk beating noise becomes a major noise cohf,(z) are below those of,(z), P.1 will be less when the
tribution. The difference is also important in the case whemzosstalk—crosstalk noise is included.

the signal bit ish; = 1. It is interesting to note that &; = In Fig. 9, the value of the EP of the system obtained as the
1, the error probability is less if the crosstalk—crosstalk infllaverage of the error probabilities obtained in the cases 1

ence is included. This behavior can be justified by considerisgdb, = 0 are plotted. In the figurey denotes the number of

an unamplified system with/ — oo, in which case the pdf optical amplifiers that both the signal and the crosstalk compo-
of the decision variable is known in closed form. When theents pass, before reaching the photodiode. The power spectral
crosstalk—crosstalk influence is included, the gigfz) of the density of the ASE noise &y = Nny,(G—1). The last ampli-
decision variabld) is given by the chi-square distribution (41) fier is that of the preamplified receiver,,and in the case= 1,
When the crosstalk—crosstalk term is ignored, the pdbdg only this amplifier is assumed. The rest of the system parame-
a Gaussian distribution [8] with a mean value equati@nd ters are those of Fig. 8(a). FOf = 1, the optimum threshold
standard deviation equal 2e202. In Fig. 8(b),f.(z) andg.(z) predicted by the two models is quite different and the minimum
are plotted forcy = 10 ando? = 1. As seen by the figure, EP also differs in about two orders of magnitude. However,
the inclusion of the crosstalk—crosstalk noise changes the sta{V begins to increase, the ASE noise accumulates, and the
tistical behavior of the decision variable, and since the left tatsosstalk—crosstalk noise becomes less important, reducing the
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R the input power forM = 32, assuming that the optical SXR

S remains constant and equal$XR = 100. This assumption is

6 - ey - made since, in most networks (such as an AWG interconnection

R R S S [3]), the power of the crosstalk noise is proportional to the power

S B R of the signal, and therefore increasing the input power does not
~ IE-9 g -ty N alter the value of the SXR. By comparing the valueg’gf re-

e e D . quired to achieve an EP equalto?, it is deduced that the in-
Bl g oo ‘~;; ———————— clusion of the crosstalk—crosstalk noise causes a power penalty
IE-125 oo el of about 1.3 dB. Hence, the crosstalk—crosstalk noise can be-
IE-13 - come an important issue in system design.

VIIl. CONCLUSION

Fig. 10. Variation of the minimum EP with respect to the number of In this paper, an accurate method for the estimation of the EP
interferersM for constant signal-to-crosstalk ratiXR = 20 dB when the jn the presence of in-band crosstalk in a WDM receiver was pre-
crosstalk—crosstalk noise is included (solid lines) and when it is not (dashed d. Thi del is b d he f lati f th G f
lines). Also plotted is the asymptotic value of the EP obtained using the mo&ﬁ’nte T IS mc_> € 's ased on the Orm_u ation o t_ e MGF o
of [8] (circles). the decision variable in terms of a double integral. This formula-
tion allows the inclusion of the crosstalk—crosstalk noise, which
was neglected in previous models. The model was extended to
include the ASE noise of the optical amplifiers and the thermal
noise at the receiver. Using this model, the importance of the
crosstalk—crosstalk noise in the performance of the system was
investigated, and it was shown that the crosstalk—crosstalk noise
can have an important bearing in the performance of the system,
since it influences the value of the optimum threshold, the min-
imum EP and can also introduce some power penalties.

, — , . APPENDIX A
40 38 36 -34 32 -30 DERIVATION OF THE ASYMPTOTIC FORM OF G(z, s, ()
Piy (dbm) To obtain an asymptotic form fo€(z,s, L), we use the

Fig. 11. Variation of the minimum EP with the input pow&y,, when the integration by parts technique frequently employed for the

crosstalk—crosstalk noise is included (solid lines) and when it is not (dasH@8yMptotic expansion of integrals [12]. SingeH;(zp))" =
lines), forAf = 32 interfering channels aniXR = 20 dB. pHOI)(zp), integral (36) can be written as

difference between the two models. The difference in the EP PR L 9g % " )
is about one order of magnitude fof = 5. The value of the G(z,s,L) = [gepL Hj (Zp)]o - / dpp®Hy (2p)e’”” .
optimum threshold (i.e., the threshold for which the EP is min- 0

imum) is also quite different for the two models. F§r= 10, (A1)
the ASE noise dominates, and the value of the minimum EPAgs|ying de L'Hopital’s rule, one can show thak! (zp)/p —
approximately the same for the two models. —j/z. Using the integration by parts technique once again, it

The variation of the minimum EP, when the crosstalkis gis0 possible to show that the remainder integral in (A1) is
crosstalk contribution is included (solid line) and when it i®)(2~3/2). Hence, for larger, G(z, s, I.) behaves as

ignored (dashed line), with the number of interferéis for

SXR constant and equal to 20 dB is also plotted in Fig. 10. As L g2 L2

seen by the figure, the difference between the predicted values G(z,s,L) = ~Hi (zL)e™™ + I (A2)
of the EP is about two orders of magnitude far > 20. Also

plotted in the figure is the asymptotic value of the EP when

the crosstalk—crosstalk noise is included, which is calculated APPENDIX B
with the asymptotic MGFX/ — oo) [8] and was found to be DERIVATION OF THE ASYMPTOTIC FORM
5.0 x 1071, As seen in the figure, the EP gradually converges OF M(s) FOR LARGE S

to its asymptotic value. Fat/ = 64, the EP using the model
of the present paper was estimated to be ahdutx 10711, g . .
This implies that forM > 64, the EP will be of the same order'\r/l]SoFr o;ft[]fzd(e:ﬂsznL\/eatrtlﬁglfeu;%;il)aégsevtjaél;iise?g?ng the
of magnitude compared to the EP obtained by the asymptottic y T
model (M — oo). M

The difference between the two models is further illustrated

..... 1) = Cm Cn €OS (Y — Un) - Bl

in Fig. 11, where the value of the EP is plotted as a function of (1 ) Z v ¥n) (B1)

Using (11), one can derive an asymptotic expression for the

mn=0
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Then (11) can be written as 4]
Me) = [5]

1 7
W/d¢1--./dngeXp(sQ(z/)l,...,1/JM))_ (6]
B2 m

To find the asymptotic expansions (B2), one must locate the
critical points of@ whereVQ = 0. The most important critical
pointisy; = --- = 4, = 0, where@ obtains its highest value
Q(0,...,0) = L?. Neglecting the contribution of the other crit- 9]
ical points of@ (such asp; = = andv,, = 0 for p # j, etc.),
then for larges, the first-order term in the asymptotic expansion
of (B2) is given by

(8]

(20]

[11]

~ T 2 ; 12

M(s) = ChE exp (sL?) Tdet(J)[7? (B3) [12]

where the elements of the matrx= [.Jy;] are the partial deriva- [13]
tivesJy = 92Q /007y calculated atp; = --- = 4hp; = 0.1t [14]

should be noted that (B3) is the contribution of the most impor-
tant critical point. AsM increases, however, so does the total
number of the critical points, and as a result, the convergence of
M (s) to its asymptotic form (B3) may be slower, as shown in
Fig. 5.
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