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An Estimation of Performance Degradation
Due to Fabrication Errors in AWGs
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Abstract—Arrayed waveguide gratings (AWGs) are important
components for the realization of wavelength-division multiplexing
optical networks. Their filtering performance is limited by the
existence of phase errors in the grating waveguides due to fabri-
cation imperfections. In this paper, the statistical properties of the
phase errors are related to the waveguide imperfections using a
variation of the effective index method. The filtering quality of the
AWG is then investigated by considering the behavior of its transfer
function in the presence of random phase errors. The probability
density function of the transfer function’s sidelobes is evaluated
numerically, and the results are justified using theoretical consid-
erations. Finally, the behavior of the maximum sidelobe level is
also analyzed numerically, and universal diagrams are presented
that allow the estimation of its mean value, standard deviation, and
cumulative distribution function for every specific AWG.

Index Terms—Crosstalk, gratings, integrated optics, optical
filters, tolerance analysis, waveguide filters, wavelength-division
multiplexing.

I. INTRODUCTION

A RRAYED waveguide gratings (AWGs) [1], [2] are im-
portant components for the realization of modern optical

communication networks employing wavelength-division mul-
tiplexing (WDM) [3] on which they can serve as wavelength
multiplexers, demultiplexers, and routers. These devices have
been made commercially available, and there are techniques for
achieving polarization-insensitive operation [4]. There are also
techniques that allow passband flattening [1]. The transfer func-
tion of the conventional AWG (without passband flattening) is
of Gaussian shape at the passband and ideally has very low side-
lobes, around 60 dB. Such a low sidelobe level would mean
that networks employing AWGs would not suffer from the accu-
mulation of in-band and out-band crosstalk noise at the receiver.
Unfortunately practical AWGs exhibit a much higher sidelobe
level, posing limitations in the achieved bit error rate (BER) of
the receiver due to nonideal wavelength isolation.

Several studies have been made in order to understand the
origin of crosstalk in AWGs [5]–[8]. It has been noted that it
is mainly due to the phase errors between the different arms of
the grating [6]. Although these studies focus on small phase er-
rors, these can be quite significant in the case of an AWG with
narrow channel spacing (such as 10 GHz). In addition, the sta-
tistics of the phase errors vary from arm to arm since the wave-
guide lengths are different. This is especially true for AWGs
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with small free spectral range (FSR) because the difference be-
tween the lengths of two adjacent grating waveguidesis in-
versely proportional to the FSR.

In this paper, the behavior of the sidelobe level (directly re-
lated to the crosstalk) of a conventional AWG with Gaussian
passband, and its relation to various design parameters and fab-
rication tolerances is described, even in the presence of larger
phase errors with varying statistics from arm to arm. Wave-
guide fabrication errors, like nonvertical sidewalls [9], are taken
into account with the effective refractive index method (ERIM).
Next, the behavior of the transfer function of the AWG in the
presence of the induced phase errors is analyzed. The statistical
behavior of the sidelobes of the transfer function is shown, both
by computer simulations and theoretical considerations, to be
approximately that of an exponential random variable. Finally,
using computer simulations, the behavior of the maximum side-
lobe level is analyzed, and universal diagrams are given that en-
able the estimation, from the fabrication tolerances, of the mean
value, the standard deviation, and the cumulative distribution
function (CDF) of the maximum sidelobe level for most types
of AWGs.

II. RELATION BETWEEN FABRICATION IMPERFECTIONS

AND PHASE ERRORS

As stated in [7], waveguide fabrication errors can produce a
variation in the effective index of the fundamental TE
and TM mode of a waveguide, thus causing phase errors in the
grating arms of the AWG. Because of the etching process, the
waveguide, while originally specified to be rectangular, is actu-
ally a trapezium [Fig. 1(a)], and there can be some deviation in
the values of its width and its height . The refractive index
of each region can also be different from its specified value due
to errors in the gap wavelength . Fig. 1(b) shows the varia-
tion of , calculated using the ERIM for the fundamental TE
mode of a waveguide which was specified to have core size 7m

7 m, core refractive index , and index
contrast 0.75%, when only one of the seven parameters

is modified. The ERIM is applied by
segmenting, as shown in the Fig. 1(a), the waveguide in hori-
zontal layers (typically 20 to 30). The width of each layer of
the trapezium is assumed constant. The effective indexes of the
various layers are found, and a vertical multilayered structure is
obtained, from which the waveguide , both for the TE and
the TM modes, is calculated as usual. Fig. 1(b) indicates that
if the deviations of the waveguide parametersare small

0733-8724/02$17.00 © 2002 IEEE



1780 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 20, NO. 9, SEPTEMBER 2002

Fig. 1. (a) Geometry of a fabricated dielectric waveguide. (b) Variation ofn
with respect to�p = (�a;�b;�h;�w;A�n ;A�n ;A�n ) with A =
10 .

( 0.1 m for and and 10 for ), then is
linear with respect to ; that is

(1)

As a result, the variance of of can be written as

(2)

where is the standard deviation of . The values of the
derivatives of (1) and (2) can be calculated using the above
method. The deviations of the waveguide parameterscan
be assumed Gaussian random variables with zero mean value

for and standard deviations ex-
pressing the fabrication tolerances that can be roughly estimated
directly or indirectly [7]. Because of the linearity mentioned
previously and because a linear combination of independent
Gaussian random variables is also a Gaussian random variable,

will be Gaussian with standard deviation given by (2).
The mean value of , which is due only to and , is
small and does not play any significant role in the results. Hence,

will be assumed equal to zero both in the theoretical cal-
culations and the numerical simulations in this paper.

In most AWGs, the bending radii of the grating waveguides
are large and do not affect the value of the derivatives in (2).
However, if the bending radii become small, more elaborate
two-dimensional (2-D) mode solvers [10], along with conformal
mapping, must be used to determine these derivatives.

III. EFFECT OFWAVEGUIDE COUPLING

The above method treats each waveguide separately without
including the presence of its adjacent waveguides. One might
expect that, since adjacent grating arms are coupled, the phase
errors in one waveguide could affect the phase error on its

Fig. 2. Variation of the coupling coefficient’s derivatives with respect to the
center-to-center distanced of two waveguides.

neighboring waveguides, or in other words, that coupling in the
grating arms could correlate the phase errors.

The effect of waveguide coupling can be estimated using cou-
pled-mode theory [11]. Assuming the effects of only adjacent
waveguides, the complex amplitude of the signal in a
waveguide obeys

(3)

where is the complex amplitude of the considered
waveguide, and are the complex amplitudes of
its two adjacent waveguides, and are the corresponding
coupling coefficients, while is the propagation
constant of the waveguide in the uncoupled case. Dividing by

and integrating with respect to, the following result is
obtained:

(4)

From (4), it is deduced that the phase of the optical signal in a
grating waveguide depends on the complex signal amplitudes of
the adjacent waveguides and the coupling coefficients. A change
in the parameters of the adjacent waveguides will affect the
phase of the optical signal through the coupling coefficients
and . These coefficients are functions ofsince in AWGs,
the grating waveguides start moving apart in the region after the
first star coupler and move close to each other at the input of the
second star coupler.

The derivatives of the coupling coefficients with respect to the
waveguide parameters can be used to measure the change in the
coupling coefficients and, hence, the phase-error correlation. If
the width of waveguide 2 changes by a small amount ,
then the change of the coupling coefficient will be linear and
will be given by . The induced phase change

in the signal of waveguide 1 will be

(5)

Fig. 2 depicts the variation of the derivative
and of the coupling coefficient of two waveg-
uides having core widths 4 m, core heights
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4 m, and core indexes (where
is the core index of theth waveguide), calculated using the

effective index method. The relative difference between the core
indexes and the surrounding index is 0.33% ,
and the distance between the centers of the waveguides is
initially 7 m (resulting in a gap of 3m between the
cores). The corresponding values of the derivatives of the prop-
agation constant of the waveguides are ,

m and will be used to compare the
change in the phase introduced by the change inand by the
change in the coupling coefficients. From Fig. 2, it is deduced
that although the derivatives of the coupling coefficients are
initially of the same order as the derivatives of the propagation
constant, they gradually diminish as the waveguides move
further apart. In addition, since the waveguides typically remain
uncoupled in the curved section of the grating, it is expected that
the phase error in waveguide 1, caused by the fabrication imper-
fections of the adjacent waveguide 2, will be small compared
with the phase error caused by the fabrication imperfections of
waveguide 1. It should also be noted that, in this example, the
waveguides are placed close together, and the index contrast

is low, which implies that the coupling is somewhat strong.
In practical AWGs, where a sharper index contrastshould
be preferred [12] in order to reduce the chip size and where
the grating waveguides often have larger initial spacing, the
coupling-induced phase-error correlations will be even lower.
As a result, the phase errors will be assumed uncorrelated
throughout this paper.

IV. STATISTICS OF THEPHASE ERRORS

Once is estimated by the fabrication tolerances , the
standard deviation of the phase error of the th waveguide
can be calculated by

(6a)

where is the central wavelength and the length of the th
arm . By replacing in
(6a), where is the length of the shortest arm, the following
equation is obtained for the standard deviations of the grating
arms:

(6b)

where FSR
is the difference in the lengths of two consecutive arms, FSR
the free spectral region,the velocity of light in vacuum,
the nominal effective refractive index of the fundamental wave-
guide mode, and the number of grating arms. It is deduced
by (6a) and (6b) that the phase error in each arm can have dif-
ferent standard deviation if is not negligible compared with

, as in the case of narrow channel spacing (e.g., 10 GHz).
Equation (6) does not account for the phase error induced

by the imperfect photomask resolution. The effect of the pho-
tomask resolution can be incorporated by adding to the lengths
of the waveguides a small random length with mean value
equal to zero and standard deviation equal to the resolution of
the photomask . The equation giving the standard deviation
will change and will become

(7)

Fig. 3. The variation of� with respect tok for the cases of a 16� 16 AWG
with (a) 100-GHz spacing and (b) 10-GHz spacing assuming� = 2:1 �

10 ; � = 0.025�m; L = 10 �m, andM = 65.

This equation exhibits a linear behavior with respect tofor
practical values of its parameters. Using as an example the
values of the fabrication tolerances measured in [7], which
are for the variation of the material
refractive index and m for the variations
in the waveguide core dimensions, the value of , calculated
using the ERIM, is equal to . The values of
obtained by (7) are plotted in Fig. 3(a), for 10 m, which
is a typical value for the shortest grating arm, 125 m,
which corresponds to a 1616 AWG with channel spacing
equal to 100 GHz, and photomask resolution 0.025 m
[8]. The AWG is assumed to have 65 waveguides, while
is taken approximately equal to 1.5. In Fig. 3(b), is also
plotted for a 10-GHz spacing 1616 AWG with the same
number of waveguides and 1250 m. It is seen that in
both cases, is approximately linear and can be written in
the form of (6b) using curve fitting. As a result, the standard
deviations of the phase errors in the grating arms will obey
(6b) and depend on three parameters: the initial phase error,
the difference between the largest and the smallest value of

, and the number of arms .

V. STATISTICAL BEHAVIOR OF THETRANSFERFUNCTION

The transfer function between the central input and output
ports of an AWG in the presence of the phase errorsis given
by [5], as follows:

(8)

where is the optical power of theth grating waveguide nor-
malized to the total power and FSR is the normal-
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ized optical frequency, being the actual optical frequency and
the central frequency of the AWG. In a conventional AWG,

the coefficients obey a Gaussian law, and in practical AWGs,
the ratio should be very small to en-
sure that the sidelobes of the AWG in the absence of phase er-
rors would be very low. Throughout the numerical
simulations in this paper, the ratio is set to be 2% in which
case the sidelobes of the AWG, in the absence of phase errors, are
about 60 dB. Different values of this ratio do not alter the side-
lobe-level behavior noticeably. By varying from 1% to 5% for

, only a 0.5-dB variation in the maximum sidelobe level
was observed considering a variety of different values forand

.This fact isalsodemonstrated in [8].Fromtheaboveremarks
and (6a) and (6b), together with the frequency normalization by
FSR, it is deduced that the statistical behavior of of con-
ventional AWGs will practically depend only on and .
In the case of flattened AWGs the distribution of is no longer
Gaussian, and as a result, the statistical behavior of the sidelobe
level may be different from that of conventional AWGs.

The mean value of the transmittance be-
tween the central input port and the central output port of the
AWG, is given by

(9a)

Since the phase errors are independent random variables,
if

, and if . The phase
errors are Gaussian random variables with , and
using the fact that then can
be written as

(9b)

The third part of (9b) is derived from the second part by adding
from the first sum and subtracting it from the

second. As seen by the third part of (9b), the mean value of
can be decomposed into two parts: one that is frequency-

dependent, and one that is constant. If the phase errors have all
the same standard deviation , then (9b) is reduced to

(10)

where is the transmittance of the AWG with no phase
errors . Since the sidelobes of the ideal transmittance

of the AWG are practically negligible, it is deduced

Fig. 4. (a) The mean value and the standard deviation of the transmittance
of two AWGs havingM = 80 andM = 200. In both cases,� = �=10
and�� = �=10. (b) The CDF ofT (0:1) for M = 80; � = �=10, and
�� = �=10 (solid line) and the CDF of an exponential distribution with mean
value equal tohT (0:1)i (dashed line).

that outside the main lobe of the transfer function the mean value
of is independent of the frequency, as follows:

(11a)

This means that the sidelobes of have constant mean value.
In the case where the phase errors do not have the same standard
deviation, the mean value of the sidelobes is written

(11b)

since the first sum in (9b) can again be ignored. This is
because it is equal to the transmittance of an ideal
AWG (with no phase errors) with power distribution equal to

. Since the sidelobes of the ideal transfer func-
tion are caused by the discontinuities of the power distribution,
and is a smooth function of , it is deduced
that the sidelobes of are very low.

At the central frequency of the AWG, the mean value
of the transmittance, assuming , is given by

(12)

since, in this case, the first term in (10) dominates, and
. Equation (12) implies that the phase errors can

cause some additional insertion losses. For , these
insertion losses are0.42 dB, but for , they become

2.67 dB. Since, theoretically, the fiber-to-fiber losses of an
ideal router can be kept below0.5 dB with proper waveguide
design [13], the insertion losses due to phase errors could have an
important contribution to the total insertion losses of the device.

After considerable mathematical manipulation, a very
lengthy expression for the standard deviation of the
transmittance can also be derived (see Appendix). In Fig. 4(a),
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(a)

(b)

Fig. 5. (a) The mean value of the transfer functionT (v) at v = 0:3, and
(b) the standard deviation ofT (v) at v = 0:3 for various values of the phase
error� and the number of waveguidesM .

the mean value and the standard deviation of with
and are plotted, assuming that

and . It is obvious that the standard deviation and
the mean value of outside the main lobe are equal with a
high degree of accuracy. This is a general result and suggests
that the sidelobes are random variables with exponential
distribution. In Fig. 4(b), the CDF, i.e., , of
the transmittance of an AWG at (solid line),
calculated by (8) using computer simulations and the CDF of
an exponential distribution given by , with
mean value given by (9) (dashed line), are plotted for
the case of , and . From the
excellent agreement between the two curves, it is deduced that
the CDF of the sidelobes of at a given frequency can
be calculated using an exponential approximation. This result
seems to be general, and it is further illustrated in Fig. 5(a) and
(b), where the mean value and the standard deviation of
at have been plotted for various values of and ,
assuming that . These quantities have been calculated
using computer simulations by generating 1000 samples of the
transfer function in each case with Gaussian-distributed phase
errors. By comparing Fig. 5(a) and (b), it is confirmed that

the mean value and the standard deviation of can be
considered approximately equal, implying that the distribution
of will resemble an exponential distribution.

This behavior can also be theoretically justified. For small
phase errors, the terms can be approximated by

, and the transfer function can be written as

(13)

The first sum is the transfer function of the AWG without phase
errors, which has negligible sidelobes. Consequently, the side-
lobes of the transmittance will be caused by the second
sum

(14)

The real part and the imaginary part of are
approximately given by

(15)

and

(16)

Since and are linear combinations of the Gaussian
random variables , their joint distribution will also be
Gaussian. The variances of and are given by

(17a)

and

(17b)

while their correlation is given by

(18)

By inspecting (17), it is deduced that the variances of and
consist of a constant term, which is the first sum in the

right-hand side (RHS) of the equations and a transfer function
with a smooth power distribution equal to . Un-



1784 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 20, NO. 9, SEPTEMBER 2002

less is near or 0, this transfer function can be neglected
compared with the constant term, and thus

(19)

Using the same reasoning, it can be deduced that

(20)

and, consequently, that ifis not near or 0, and
can be regarded as independent Gaussian random variables with
equal standard deviations. By assuming the transformation

(21a)

(21b)

with and applying the theorem of transforma-
tion of random variables [14], the combined probability density
function (pdf) of and will be given by

(22)

In the above equation, is the combined pdf of and
, and is the determinant of the Jacobian matrix of trans-

formation (21). By carrying out the mathematical calculations
it can be shown that, sinceand are approximately indepen-
dent Gaussian random variables with equal standard deviations,
the pdf of is given by

(23)

and, as a result, the sidelobes of exhibit the behavior of an
exponential distribution.

VI. STATISTICAL BEHAVIOR OF THE MAXIMUM

SIDELOBE LEVEL

Another characteristic measure of crosstalk degradation is the
maximum sidelobe level of the transmittance. To analyze
its behavior for various values of , and , a large number
of sample transfer functions with random Gaussian phase errors
have been generated for each case, and was measured for
each sample. The mean value, the standard deviation, and
the CDF of have been evaluated based on
the results. An interesting result observed by the simulations is
that and (in decibels) can be approximately written as the
sum of two functions, one depending on and , and the
other depending on , that is

in dB (24a)

and

in dB (24b)

Equations (24a) and (24b) are derived by investigating the re-
sults of the simulations. The functions and are calculated
by averaging out the functionsand for and , respec-
tively. In Fig. 6(a), and are plotted, while in Fig. 6(b)
and (c), the same is done for the functionsand . Using

Fig. 6. (a) The functions� = � (M) (solid line) ands = s (M) (dashed
line) (in dB), (b) the function� = � (� ;��) (in dB), and (c) the function
s = s (� ;��) (in dB), for�� = �� = n�=40 wheren designates the
curves from the lower(n = 0) to the higher(n = 10).

the diagrams in Fig. 6, the values of and can be calcu-
lated by applying (24a) and (24b) for every AWG once ,
and are determined. In order to illustrate the accuracy of
(24a) and (24b), the exact and approximate values ofand
have been plotted in Fig. 7 for and

. It is deduced that the accuracy is sat-
isfactory in all cases and improves considerably when the mean
crosstalk is not too large.
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Fig. 7. The values of� ands calculated with numerical simulations (dashed
line) and their values calculated using the functions� ; � ands ; s using
approximation (24) (solid line) for� = �=8;�� = �=8 and� = �=4,
�� = �=4.

Fig. 8. The functionsP used in the calculation of the CDF ofT . The
left-most curve is forM = 30, the second-left curve forM = 40, and so on,
up until the right-most, which is forM = 300.

By investigating the result of the simulations performed, it
was observed that the shape of the CDF of , i.e.,

, was primarily dependent on the number of arms. In par-
ticular, by using the transformation , the trans-
formed CDF was observed mainly to depend onand was not
strongly influenced by and , that is

(25)

The functions , depending only on and , are plotted
in Fig. 8, each displaced artificially on the horizontal axis by

. The value of is equal to the one tenth of the average
value of the ratio between the mean value of the maximum side-
lobe level and its standard deviation and is
chosen so that the graphs of Fig. 8 become distinguishable. The
exact (dashed line) and approximate (solid line) CDFs have been
plotted in Fig. 9(a) and (b) for and

and and , respectively. The
mean values and standard deviationwere calculated using
expressions (24a) and (24b) and the diagrams of Fig. 6. Then,
the approximate CDFs were computed using the functions
and of Fig. 8 by setting . As before,
it is observed that the approximation is quite accurate when the
mean crosstalk is not too large. Even in the presence of higher
crosstalk, the approximation remains satisfactory.

Fig. 9. The numerically calculated CDFs (dashed lines) ofT in the case
of (a) � = �=8;�� = �=8;andM = 80 and (b)� = �=4;�� =

�=4;andM = 50 and their approximations (solid line) using the functions
P using (24).

VII. AWG CROSSTALKEVALUATION PROCEDURE

The diagrams of Figs. 6(a), (b), and 8 can be used to estimate
the crosstalk performance for any AWG given the design pa-
rameters and the waveguide fabrication tolerances. In particular,
these fabrication tolerances, expressed in terms of, can be
used in order to determine by applying (2) and the ERIM.
For each AWG, the parameters and can
be calculated by applying (6). The CDF of the sidelobes will be
that of an exponentially distributed random variable with mean
value given by (9). The mean value and standard deviation of

can also be found using Fig. 6, (24a), and (24b). Finally,
the CDF of can be found from (25) and Fig. 8. This proce-
dure can be applied for the TE and TM polarization separately,
for every type of AWG with given geometrical characteristics
( , and ) by using the same diagrams obtained in this
paper. For example, in Section IV, the values of the fabrication
tolerances reported in [7] were used to calculate the standard
deviation of the effective index for the TE mode, which was
found to be 10 m . Using 0.025 m
as in [8], , which is an approximate value for the
effective index of the fundamental TE mode, and applying (7)
for , we find 0.17 rad. For a 16 16 AWG with

65 waveguides and 125 m, applying (7) for
, we have 0.22 rad and
0.05 rad. The values of and calcu-

lated in this manner are very close to the ones obtained by fit-
ting of Fig. 3(a) with a linear curve. The expected maximum
sidelobe level can now be calculated from the functionsand

. From Fig. 6(a), one finds 2.5 dB.
The integer for which is closest to is .
Using the curve of Fig. 6(b) corresponding to , we obtain

25 dB.
Consequently, the expected maximum sidelobe level is

22.5 dB. With a similar procedure, the standard
deviation of the maximum sidelobe level turns out to be approxi-
mately 27.5 dB. Finally, the CDFs of the maximum side-
lobe level can be used to further appreciate the impact of the
fabrication tolerances. For example, since
80 % for and 20 dB,
we expect that 80% of the fabricated devices will have max-
imum sidelobe level below 20 dB.

In this paper, we have concentrated on the direct problem,
which is the performance estimation of the fabricated AWGs
given their fabrication tolerances. The results presented in this
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work, can also be of use to a designer who wants to fabricate
AWGs with a specified performance and has to choose from a
number of fabrication processes with known tolerances (
and ). For each fabrication process, the parametersand

can be computed from and using (7). Having
calculated these parameters, Figs. 6 and 8 can be used to esti-
mate the performance of each fabrication process and determine
which of them yields devices that fulfill a specified performance
criterion.

It should be noted, however, that the diagrams presented
in this paper can not be used directly to solve the inverse
problem, that is the determination of the fabrication tolerances
( and ) required in order for the fabricated AWGs
to have a specified performance. For example, suppose that a
designer wants to determine the fabrication tolerances required
in order to ensure that the expected maximum sidelobe level
is below 25 dB. In order to determine the maximum allowable
values of and , equation 25 dB
must first be solved numerically in order to determine
and . The obtained values of and can then be
used to determine and using (7). Since, however,

25 dB can have many solutions, there will
be many values and that fulfill this performance
criterion. It is, therefore, deduced that the inverse problem
is complicated and requires further analysis and elaboration,
which is outside the scope of the present work.

VIII. C ONCLUSION

In this paper, the relation of the phase errors in the grating
arms of the AWG, induced by the fabrication imperfections, and
the sidelobe level of its transfer function, was investigated. A
simple numerical tool was proposed in order to relate the fab-
rication tolerances of individual waveguides with the induced
phase errors based on the effective index method. Waveguide
coupling was studied, and it was deduced that it does not cause
noticeable correlation between the phase errors in the different
waveguides. The sidelobes of the AWG were shown to be ex-
ponential random variables both by using numerical simula-
tions and theoretical considerations. The losses introduced on
the peak of the transfer function due to the phase errors were
also studied. Finally, the behavior of the maximum sidelobe
level was analyzed using numerical simulations, and universal
diagrams were presented that allow the estimation of its mean
value, standard deviation, and CDF from the fabrication toler-
ances and the parameters of the AWG design.

APPENDIX

CALCULATION OF THE STANDARD DEVIATION

OF THE SIDELOBES

The variance of is given by . The
expectation has been computed in (9). The computation
of is much more involved since

(A1)

where we have defined , and the as-
terisk denotes complex conjugate. The expectation

can be computed using the fact that

(A2a)

in the case where , and . If the afore-
mentioned condition does not hold, the RHS of (A2a) will be
different. If, for instance, , and

(A2b)

Continuing this way, one can write as a sum of sums
containing terms of the form ,
where the , and are integers.

The terms can be expressed
in a way similar to (A2) and so on, until is expressed as
a sum of sums containing terms of the form

. The final expression is very complicated and
will not be given here. It should be noted that, as shown theo-
retically in Section V, when is in the vicinity of the sidelobes,
the distribution of is exponential with a high degree of ac-
curacy. Therefore, for these values of, the standard deviation
of is approximately equal to the square of its mean value,
that is .
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