Evaluation by Monte Carlo simulations of the
power limits and bit-error rate degradation in
wavelength-division multiplexing networks caused

by four-wave mixing
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Fiber nonlinearities can degrade the performance of a wavelength-division multiplexing optical network.
For high input power, a low chromatic dispersion coefficient, or low channel spacing, the most severe
penalties are due to four-wave mixing (FWM). To compute the bit-error rate that is due to FWM noise,
one must evaluate accurately the probability-density functions (pdf) of both the space and the mark
states. An accurate evaluation of the pdf of the FWM noise in the space state is given, for the first time
to the authors’ knowledge, by use of Monte Carlo simulations. Additionally, it is shown that the pdf in
the mark state is not symmetric as had been assumed in previous studies. Diagrams are presented that
permit estimation of the pdf, given the number of channels in the system. The accuracy of the previous
models is also investigated, and finally the results of this study are used to estimate the power limits of

a wavelength-division multiplexing system. © 2004 Optical Society of America

OCIS codes:

1. Introduction

Wavelength-division multiplexing (WDM) is a prom-
ising technology for the achievement of all-optical
networks that permits the full utilization of the fiber
bandwidth. However, the performance of a WDM
system is strongly influenced by both linear and non-
linear phenomena that determine the signal propa-
gation inside the optical fiber. Although linear
propagation effects may be compensated for by opti-
cal amplifiers and chromatic dispersion compensa-
tors, there is a class of nonlinear effects such as
self-phase modulation, cross-phase modulation, and
four-wave mixing (FWM) that pose additional limi-
tations in dense WDM systems. Both cross-phase
modulation and FWM cause interference between
channels of different wavelengths, resulting in an
upper power limit for each WDM channel. How-
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ever, the most severe problems are imposed by FWM
because the power of the FWM product is inversely
proportional to the square of the channel spacing,
whereas the influence of cross-phase modulation is
approximately inversely proportional to the channel
spacing.!-2

In this paper an accurate statistical description of
FWM noise is given, and its influence on system per-
formance is investigated. The properties of FWM
noise are investigated by use of numerical Monte
Carlo simulations for both the mark and the space
states. The results show that in the space state the
probability-density function (pdf) of FWM-FWM
beating noise, which constitutes the main noise
source of the system, exhibits exponential decay.
The computed pdf for the mark state is shown to be
asymmetric, a fact that is confirmed theoretically as
well. Estimations of the pdf for the mark and the
space states are accomplished with relevant dia-
grams in terms of the number of channels within the
system.

A comparison of the values of the error probabili-
ties obtained by the present method and by two other
methods previously proposed3+ is carried out. In
the first of the previous methods, Gaussian statistics
for the FWM noise in the optical domain are as-
sumed, permitting the computation of the system’s

10 September 2004 / Vol. 43, No. 26 / APPLIED OPTICS 5023



bit-error rate (BER) in closed form.? Although this
approach might provide a first insight into the impli-
cations of the FWM noise, its validity must be exam-
ined because the assumption of Gaussian statistics is
somewhat arbitrary. Indeed, FWM noise is the sum
of a large number of components that depend on one
another. Hence the central-limit theorem,> on
which the Gaussian approximation is based, may not
be valid in this case. In the other previous approach
the pdf of the FWM noise in the mark state can be
approximated with a symmetrical double-sided expo-
nential distribution.# However, as was mentioned
above, the distribution of the FWM noise in the mark
state is asymmetric and hence the symmetrical ex-
ponential approximation may prove inaccurate. It
is shown that, in many cases, there are significant
differences between the two approaches. Finally,
the proposed model is used to assess the implications
of FWM in a WDM system that employs nonzero
dispersion or standard single-mode fibers as well.

The rest of the paper is organized as follows: In
Subsection 2.A some basic considerations are given
concerning the origin of the FWM phenomenon,
which are used in Subsection 2.B to derive an expres-
sion for the photocurrent at the receiver. This ex-
pression is used in Section 3 to compute numerically
the pdfs of the FWM noise in the mark and space
states. Also, the asymmetry of the pdf in the mark
state as observed in the simulations is theoretically
justified. The accuracy of the symmetrical double-
sided pdf is investigated in Subsection 4.A, and the
validity of the Gaussian approximation is examined
in Subsection 4.B. The implications of the FWM ef-
fect in a WDM system are discussed in Section 5. In
Section 6, guidelines for the incorporation of the other
noises [thermal and amplified spontaneous emission
(ASE)] are given. Our research is summarized in
Section 7.

2. Basic Assumptions and Theoretical Background

A. Four-Wave Mixing

A WDM system with equally spaced channels and
amplitude-shift keying modulation, which is the most
frequently used modulation scheme is considered
here. All signals are assumed to be copolarized and
synchronized, which represents a worst-case situa-
tion.6 Only the pdf of the photocurrent for the cen-
tral channel has to be derived for the calculation of
the BER because, in this case, the energy-
conservation requirement is satisfied by the largest
number of frequency combinations.” Provided that
the photocurrent depends on the bit values and on the
optical phases of all channels in a rather complicated
random manner, a closed form of the pdf of the FWM
noise is not possible. Consequently, Monte Carlo
(MC) simulations are used for its determination.
The origin of the FWM effect is the existence of the
third-order nonlinear polarization vector Wyy. Con-
sidering optical waves oscillating at frequencies w;
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and linearly polarized along the same axis x, Wy, is
expressed in the following form:

OWNL =xle E oWi exp[j(kiz -

=&Y >, W, exp(j;) + c.c., Q1)

where W, is the amplitude of the third-order polar-
ization at frequency ;. For i = n, where n is the
assumed channel, it can be shown that?
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where E; is the electric ﬁeld at frequency w;, €,
vacuum perm1tt1v1ty, and x_is the third-order non-
linear susceptibility. The third sum is the contribu-
tion of FWM noise. This sum runs for all integers p,
q, and r that satisfy the conditions p + ¢ — r = n (which
is imposed by the energy-conservation requirement)
and r # p, q (which guarantees that the corresponding
term is not due to self- or cross-phase modulation).

The output power P, of the FWM product is given
by?*

+6,—0,

2
P, = % d,,2P,P,P, exp(—aL) Ly, (3)
where P, (i = p, q, r) represents the input peak power
at frequencies f; = »;/2m in the mark state. Assum-
ing a perfect extinction ratio, the average input power
is P,, = P;/2. It should be noted that Eq. (3) is an
approximation that holds because the power of the
FWM components is quite small compared with each
channel’s power.1® In a WDM system it can be as-
sumed that all the peak powers at the mark state are
equal (P, = P, fori =1,2,...,N). InEq. (3) yis
the nonlinear coefficient of the fiber,? a is the fiber
loss coefficient, L is the total fiber length, L = [1 —
exp(—alL)]/a is the effective length of the fiber, dpq,
the degeneracy factor (d,,, = 3whenp =q,d,,,. =6

par ‘pgr

when p # @), and ) is the mixing efficiency, given by
a? 4 exp(—aL)sin*(ABL/2)
n=- 2 2 NCE:Y
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In Eq. (4a), AB represents the phase mismatch and
may be expressed in terms of channel frequencies f;:
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or, approximately,

_ 2mA2D

Ap Af*(p —r)(g — 7). (4c)

In Eq. (4b), D is the fiber’s chromatic dispersion
coefficient, \ is the wavelength of the signal, and ¢ is
the speed of light in vacuum. Expression (4c) is de-
rived from the fact that, for typical values of D, dD/
d\, and Af, the term involving dD/d\ is small.4

Unlike in previous studies, the statistics of the
space state are also considered. The amplitudes of
the optical fields, E”™ and E in the mark and the
space states, respectively, at a given channel n are
written as?®

m = [P, exp(—aL) exp(j
E™ = \Pn exp(—alL) exp(j0,)

+ \Praw™ explj0fihy](mark),  (5a)
E® = V/ETM)(S) exp[je;f()IM)](space), (5b)

where P, and 6,, are the input peak power and the
phase in the mark state, respectively, of given chan-
nel n
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whereas P, and 0,,. = 6, + 0, — 0, are the peak
power and tfile phase, respectively, of the FWM noise
generated from a channel combination (p, g, r).
Furthermore, B; = 0 or B; = 1 is the bit value of
channel i. These expressions for the electric field
are used in Subsection 2.B to derive an expression for
the photocurrent at the receiving photodiode.

B. Calculation of the Photocurrent

At the receiver, the photocurrent is proportional to
the optical power and hence to | E|?, where E = E™ or
E = E®.11 1In practical applications it can be as-
sumed that AR >> a, which generally holds for D = 2
(ps/nm)/km and channel spacing Af = 10 GHz. For
large L, one can also use the fact that exp(—alL) << 1.
Assuming a single fiber span without optical ampli-
fication, all other noises at the receiver except for
FWM can be ignored. This is especially true for high

input powers, and in this case the photocurrent at the
detector is written as

S(m> — k|E<m)|2
~ kP, exp(—aL) + 2k8 P, exp(—aL)l,,
(7a)
S(s) — k|E(s}|2 ~ kSZIS, (7b)
where £k is the receiver’s responsivity and
ye
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Formulas (7a) and (7b) provide expressions for the
photocurrent in the mark and the space states in
terms of two new variables, I,, and I, given by Eqgs.
(8b) and (8c), respectively. It is interesting to note
that, for a given number of channels, these new vari-
ables depend only on the bits and the phases of the
optical signals.

3. Statistical Behavior of Photocurrents S™ and S®:
Computation of the pdf by Monte Carlo Simulation

In this section the pdfs of I,,, and I, are computed by
MC simulations. The optical phases of all channels
are assumed to be uniformly distributed within [0,
2m] because of phase noise,!! and the data bits are
assumed to be in the mark and the space states with
equal probability, P(B; = 0) = P(B, = 1) = 1/2.
Hence the statistics of I,, and I will depend only on
the total number of channels N and on channel num-
ber n, which is assumed to be the central channel:
n = [N/20 Variables I,, and I, are related to the
optical phases and to the values of the optical bits in
a rather complicated manner, and consequently their
pdf cannot be derived in closed form. To obtain the
pdfs of I, and I, through which the pdfs of S“™ and
S® will be determined, we performed a series of v MC
experiments. v = 10! for N = 8, 16 channels, and
v = 10 for N = 32 channels (because of the in-
creased computation time required). The results ob-
tained for the space and the mark states are plotted
in Figs. 1(a) and 1(b), respectively.

It is easily deduced that in all cases the pdf exhibits
an almost exponential behavior of the form y = Ae®*
[solid curves in Figs. 1(a) and 1(b)]. Specifically, the
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Fig. 1. Pdfs of (a) the space and (b) the mark states.
nential fittings for the pdfs are shown by solid curves.

The expo-

pdf in the space state follows an exponential decay,
whereas in the mark state the pdf can be approxi-
mated by an asymmetrical double-sided exponential
distribution. Hence the exponential approximation
can be used away from [ ,, = 0, in the region of the
tails, to provide an accurate estimation for the pdfs.
To evaluate parameters A and b with respect to N, we
performed a series of MC experiments for various
values of N < 32. The values of parameters A and b
calculated for each N are shown in Figs. 2(a)-2(d).
To reduce the number of parts of Fig. 2, parameter A
is taken equal to the peak of the pdf of I,, and is the
same for I, > 0 and I,, < 0. Given this value of A,

the value of b for I, > 0 is calculated such that the
exponential Ae®* appr0x1mates the tails at the right
of the pdf. The same is done for,, <0. For the pdf
of I, parameters A and b are calculated such that the
tail of the pdf of I, is accurately approximated. As
shown in Figs. 2(a)-2(d), A and b exhibit an approx-
imate y, + y; exp(—N/t) dependence. The values of
¥o» ¥1, and ¢ in each case are given in the figures.
Given the number of channels N, Figs. 2(a)-2(d) are
useful in determining A and b for the mark and the
space states, and consequently the shapes of the pdfs
of I,, and I,, without the need to perform MC simu-
lations. For N > 32, parameters A and b do not vary
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significantly; hence their values obtained for N =
can be used.

Once the pdfs of I,, and I, are determined, the pdfs
of S™ and S can also be determlned by use of the
theorem of transformation of random variables.5
Applying this theorem and using relations (7a) and
(7b) yield

1

m S(m) = T
fsmlS™1= o \P. exp(—aL) iy

S™ — kP, exp(—aL)
X / (9a)
2k3\P, exp(—al)

s (9b)

where fy is the pdf of the variables X =1, , I, S and
S respectlvely Hence, given the number of chan-
nels N in the system, the pdfs of I, and I, can be
determined from Figs. 2(a)—-2(d). The computatlon
of the pdfs of S”™ and S® can then be carried out with
expressions (7a) and (7b). These pdfs are used in the
following sections to estimate the performance of the
system.

From Fig. (1b) it can be seen that the pdf for the
mark state is not symmetric about x = 0. To justify
the asymmetry of the pdf, the odd-order moments
(erly = [*= 2““}‘1 (x)dx of I, can be examined. If
one of the odd-order moments is nonzero, then pdf
f1 (x) is not symmetric. Indeed, if f; (x) were sym-
metric about x = 0, then the product of odd function
221 and f1, would be an odd function of x for every
integer u; hence the integral of x2“+1f from —oo to oo,
which gives (I2“*1), would be equal to zero. There-
fore, to show that f; is not symmetric it is sufficient
to show that there exists one u for which (I% 2““} # 0.

As it can be seen from Appendix A, it is easy to
expand the terms of the odd-order moments into a
positive linear superposition of terms of type cos 6,
whose mean value is either 1if 6 = 0 or 0 if 6 # 0.
Following the method described above, one can ob-
tain (I,,) = 0 for v = 0 and (I,,®) > 0 for u = 1.
Hence, at least one odd moment of I,,, is nonzero, and
it can be concluded that the pdf of I,,, is asymmetric.
Because both the symmetric exponential and the
Gaussian pdf are even functions, they may not pro-
vide an accurate description for the statistical behav-
ior of I,,,, as is further illustrated in the next sections.

1 [sY
fso[S¥] = e f;[} ,

4. Comparison with Other Models

A. Symmetrical Exponential pdf Approximation

One can demonstrate the difference between the
symmetrical exponential approximation and the nu-
merically computed pdf by calculating the probability
P,; that an error occurs in the mark state, which is
written as

Q
P, = .[ fsm(€)dE, (10)
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where @ is the receiver decision threshold. The pdf
fsm of the photocurrent S™ in the mark state can be
evaluated from Eq. (9a) by use of the symmetrical
exponential approximation for the pdf:

1 —\2|,|
fexp(Im) = IS eXp ’
V20 o

(11)

where o2 is the noise variance of I, given in Ref. 4.
We have chosen to compute P,; and not the average
BER because in Ref. 4 no pdf was given for the space
state that permits the direct computation of error
probability P,, in this state.

In the remainder of this paper the parameters used
in the calculations are as follows: N = 1.55 pm, ¢ =
3 X 10® m/s, L = 80 km, ¢ = 0.2 dB/km, y =
2.4(km X W) ! and & = 1.28 A/W.

Figure 3(a) shows the pdf of the photocurrent for
N =16,D = 10 (ps/nm)/km, P;, = 5 dBm, and Af =
25 GHz and gives a first glance at the effectiveness
of the symmetrical exponential approximation in
describing the statistics of the photocurrent. It
should be noted that only the left-hand part of the
pdf is shown in the figure. This happens because,
for practical values of the BER, one needs only this

part of the pdf to compute P,; from Eq. (10). In
Figs. 3(b) and 3(c), P, is plotted as a function of the
receiver threshold for N = 16, D = 10 (ps/nm)/km,
P, = 5dBm, and Af = 25 GHz and for N = 8, D =
5 (ps/nm)/km, P;, = 18 dBm, and Af = 100 GHz,
respectively. For the numerically calculated pdfs,
P,, was computed by numerical integration of Eq.
(10). In Figs. 3(b) and 3(c) there is an obvious
deviation between the two models, which is several
orders of magnitude in the cases examined and im-
plies that the average BER will be much higher for
the exponential approximation. For example, as
shown in Fig. 3(b), for a threshold @ = 60 pA the
values of P,; are 2 X 107° and 7 X 10~ 7 for the
symmetrical exponential pdf and the numerically
computed pdf, respectively. Hence it is evident
that the symmetrical exponential model may over-
estimate the system’s BER by ~2 orders of magni-
tude for error probabilities of the order of 107 °.
However, it can easily be used to estimate an upper
bound of the BER.

To further illustrate the difference between the
symmetrical exponential and the numerically com-
puted pdf, we have plotted in Fig. 3(d) the values of o
obtained for a symmetrical exponential pdf, using the
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closed-form formula of Ref. 4 (solid curves). Also
plotted are the values of ¢’ obtained by fitting the
numerical pdf with 1/¢’/2'/2 exp(2'/2I , /o) for I, <
0. Asone can observe from the figure, there is some
difference between the values of o and ¢’, and this is
a further indication that the symmetrical exponential
pdf fails to describe the statistical behavior of I,,. It
should also be noted that Fig. 3(d) provides an alter-
native approximation for the numerically computed
pdfofl,, forl,, <0. Once the value of ¢’ is obtained
from Fig. 3(d), one can use the pdf of Ref. 4 [i.e., Eq.
(11)] to approximate the pdf for I,, < 0 by replacing o
with o’.

B. Gaussian pdf Approximation

The most common approach to the calculation of the
BER in the presence of FWM is to assume that the
FWM noise is Gaussian. According to the Gauss-
ian approximation? the error probability is written

as
1 (- 21 Q,
oo ng exp( - 2) dt = 5 erfc(\/g) , (12)

where @, is the @ factor, given by

(ps/nm)/km. If the WDM system operates near the
zero-dispersion wavelength the formulation of formu-
las (7) and Eqgs. (8) is not applicable. To investigate
the validity of the Gaussian approximation in such
systems, one must estimate the pdfs of photocurrents
S and S through MC simulations, applyin

S = E|[E™)|? and S = E|E®?, where E'™ and E©
are given by Egs. (5) and (6) and P,,, is obtained by
use of Egs. (3), (4a), and (4b), with D = 0 [note that
formula (4¢) does not apply in this case]. The results
obtained by the MC simulations (filled circles) and
the Gaussian approximation (curves) when D = 0 (for
the central channel) are illustrated in Fig. 5 for N =
16 channels, P,, = 0 dBm, dD/d\ = 0.07 (ps/nm?)/
km, and Af = 100 GHz. Inspecting Fig. 5, one can
understand that, even though the difference between
the pdfs of the present and the Gaussian models are
reduced in the mark state, they remain observable
because the FWM products are correlated and the
central-limit theorem is not valid in this case as well.

5. Estimation of Power Limits That Are Due to
Four-Wave Mixing

In practice, to evaluate the performance of the system
it is useful to have a relation between the BER and

B <S(m)> _ <S(s)> _

kP, exp(—aL) — k(l/s > Pt Va

S Pl

pP#FqFr#n p=q#r

Qg - ™ + g® ,
2k“P, exp(—alL){ Vs

pFqFr#n

1/2
> Pt+Va > PtVa > Ppp,)

(13)

p#FqF#r=n p=q#r

To compute the value of the BER obtained by the
actual pdfs of S” and S the following formula is
used:

© Q
P,=1v f fsw(E)dE + Ve .[ fsm(E)dE, (14)

Q —

where the first and second terms are the probabilities
that an error will occur in the space and the mark
states, respectively, whereas decision level @ is cho-
sen such as to minimize error probability P,. This
computation can be made by solution of the equation
dP,/d@ = 0, using well-known numerical methods.

The accuracy of the Gaussian approximation in
predicting P,; and the BER is examined in Fig. 4(a)
for N = 16, D = 10 (ps/nm)/km and Af = 25 GHz and
in Fig. 4(b) for that case and for N = 32, D = 15
(ps/nm)/km, and Af = 10 GHz.

From Fig. 4 it is evident that the Gaussian model
cannot be used to estimate the BER accurately. The
error in the estimation of the BER is more pro-
nounced for small error rates (<10~ °). For example,
for P,, = 2 dBm, P, = 10! for the Gaussian approx-
imation and P, = 10" ° in the numerically calculated
case shown in Fig. 4(b).

The results of Fig. 4 are obtained when D = 2
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the input power. With the method presented here it
is quite easy to calculate the BER by using numerical
integration, given the characteristics of the system.
Once the BER is determined, one may calculate other
useful system performance measures such as the
packet error rate in Internet Protocol over WDM sys-
tems.1?

Figures 6(a)—6(c) depict the variations of the BER
with respect to the variations of the channel spacing,
the signal power, and the fiber chromatic dispersion
in a dense WDM system. The error probability was
calculated by numerical integration of Eq. (14). For
calculations of the BER, the optimum decision
threshold, i.e., the threshold that minimized the error
probability P,, was chosen. Figure 6 shows that P,
tends to diminish rapidly below a certain power
value. This happens because, inasmuch as |cos 6] =
1, random variables |I,,| and I, cannot exceed a cer-
tainvalue 7, .., and I ., obtained by setting 6, = 0
and B; = 1in Eqgs. (8b) and (8c), respectively. Hence
for low input powers the distributions of the mark
and space states may not overlap at all, which implies
error-free transmission.’> However, in practical
systems the existence of other noises (e.g., thermal
noise) will force the two distributions to overlap, pre-
venting the BER from becoming zero.
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When the dispersion or the channel spacing is in-
creased, lower values of P, are achieved at a given
input power. This result can be explained by Egs.
(4a) and (4b), which give mixing efficiency m and
phase mismatch AB. From these equations it is easy
to see that the mixing efficiency increases when dis-
persion D, channel spacing Af, or both are reduced.
As power P, of the FWM product given by Eq. (3) is
proportional to mixing efficiency m, it is expected that
the noise power will be increased and that the per-
formance of the system will degrade. Similar behav-
ior is observed when the number of channels is
reduced. This takes place because the number of
neighboring channels on each side of the central
channel is reduced and, therefore, the number of
channel combinations (p, g, r) that satisfy the condi-
tionp + ¢ —r = nis alsoreduced. Hence the power
of the FWM noise will decrease when the number of
channels is decreased. It is interesting to note that
an increase in the number of channels above a certain
value does not significantly change the system’s per-
formance. For example, for D =5 (ps/nm)/km, Af =
25 GHz, and P;,, = 4.5 dBm, a BER of 10~ ? is achieved

for N = 8 channels, a BER of 7 X 10~ 7 is achieved for
N = 16 channels, and a BER of 10 ¢ is achieved for
N = 32 channels. This happens because these chan-
nels, which are far from the central channel, do not
play a significant role in the production of the FWM
noise.

From Figs. 6(a)—6(c) it is confirmed that a simple
way to eliminate the effects of FWM is to use nonzero-
dispersion fibers and WDM systems with large chan-
nel spacing or with fewer numbers of channels. For
example, for N = 16 channels, Af = 25 GHz and P;,, =
8 dBm, an increase in D from 5 to 10 (ps/nm)/km
causes a reduction of the BER from 2 X 10 2 to 3.8 X
107 So graphs like Figs. 6(a)-6(c) are useful in
determining the maximum input power allowed in a
WDM link, given its characteristics, i.e., channel
spacing Af, fiber dispersion coefficient D, and the to-
tal number of channels. For example, for N = 32,
D = 2 (ps/nm)/km, and Af = 50 GHz, the input power
of each channel must not exceed 4.9 dBm if the BER
is not to exceed 10" °. Note that this result is ob-
tained for a fiber length of L = 80 km. As the FWM
influence is not much different in systems with fiber
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lengths longer than the effective length defined as
[1 — exp(—al)]/a, these results are also valid when
the total fiber length is longer than the effective
length.

Note that the analysis carried out so far assumes
a single-span system. If the system consists of
multiple spans and if optical amplifiers are used to
compensate for the optical losses, then additional
FWM noise products are generated in each span.
The phase of these products depends on the phase of
the channels at the input of the span. It can be
assumed4 that the dispersion of each fiber span
differs slightly and that the lengths of the fibers
used in the span are different. Hence it is possible
to assume that the phases of the channels at the
beginning of each span are independent of one an-
other. This implies that the phases of the products
in different spans are independent as well. Also,
the net dispersion in each span causes a walk-off of
neighboring channels by at least one bit period.
Hence the FWM noise products in each span can be
assumed to be independent and the pdf of the total
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FWM noise can be approximated by the convolution
of the individual FWM noise pdfs. These assump-
tions may not be valid in all cases. If for example,
the dispersion is completely compensated for in
each span; then the phases of the channels cannot
be considered independent. In such cases one can
compute, the pdfs of S,, and S, by altering the FWM
efficiency m in Eq. (4a) to take into account the
number of spans as in Ref. 14. Doing so, however,
prohibits the use of the auxiliary variables I,, and I
whose applicability assumes the FWM efficiency
given by Eq. (4a). Consequently the MC simula-
tions must be performed again, this time for S,, and
S, directly.

6. Incorporation of Other Noises

In actual systems, receivers can suffer from other
noises, such as thermal and ASE noise. To include
these noises, one can use a technique based on the
moment generating function (MGF) of the decision
variable,'1:15 whereas the error probability can be
estimated by use of the saddle-point approximation
through the MGF.

To illustrate the above technique, we assume a
simple optically preamplified receiver with a rectan-
gular optical filter and an integrate-and-dump elec-
trical filter. The MGF M ,(s) of decision variable Z at
the receiver is defined as the expected value of e*Z.
Under the assumption that the quantum efficiency of
the photodetector equals unity, the MGF M ,(s) of Z is
related to the MGF Mx(s) of the energy X of the
incident optical field at the input of the amplifier
through?5

Gs
1-N,s/’
(15)
In Eq. (15), N, = ny,(G — 1) is the power spectral
density of the ASE noise and G and n, are the gain

and the spontaneous emission parameter of the opti-
cal amplifier, respectively. w + 1 is equal to the

1 W
My(s) = E[Myx(s)] = (1—Ns) Mx(
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product BT, of bandwidth B of the optical filter and
bit duration 7, (w is assumed to be an integer).
Hence the MGF of Z can be directly computed from
the MGF of X by a simple change of variables and
multiplication by (1 — Nys)™"*. Assuming rectangu-

lar pulses in all channels for the mark state, it is easy
to show that X = ST, where S = S” and S = S for
the mark and the space states, respectively, of the
central channel. To estimate the MGF of X = ST},
one can use the approximate exponential formulas for
the pdf of S. For example, in the space state where
X = kd°T, I, Mx(s) is written approximately as

MX(S) = {eXp[(b + S/)Is,max] - 1}7 (16)

b+s'
where s’ = k82T, and the exponential approximation
Ae®* for the pdf of I, is used (Section 3). Note that
one could obtain a more accurate estimation of the
MGF of X by directly using the pdf computed from the
MC simulations and numerical integration. Using
Eq. (15) and expression (16) one can compute the
MGF of the decision variable at the receiver, includ-
ing the influence of the FWM and ASE noises. An
expression similar to formula (16) can be derived for
the mark state. To take into account the electrical
thermal noise, we multiply the MGF of decision vari-
able Z by exp(oy,%s?/2), which is the MGF of the
thermal noise. The power of the thermal noise is
equal to 0,2 = 2Kz TxT,/(q*R;), where K is Boltz-
mann’s constant, R; is the load resistor of the photo-
detector, Tk is the temperature (in degrees kelvin),
and q is the charge of the electron. Using the above
remarks, one can approximately compute the MGF of
the decision variable and use the saddle-point ap-
proximation to estimate the error probabilities from
the MGF.11 Equation (15) also provides an indica-
tion of the validity of the Gaussian model for the
description of the statistics of the decision variable in
the presence of FWM and ASE noises. The shape of
the MGF of Z is related to the respective shape of X,
which, as indicated by formula (16), cannot be as-
sumed Gaussian. Consequently, it is expected that
the MGF of Z will also not be Gaussian, especially if
the FWM noise (amplified by the optical amplifier) is
dominant. This implies that the Gaussian model
may not give accurate values for the error probability.
However, if the receiver is dominated by the Gauss-
ian distributed thermal noise (e.g., in the absence of
optical preamplification), the pdf of the decision vari-
able can be approximated accurately enough by a
Gaussian distribution.

7. Conclusions

In this paper the statistical behavior of FWM noise
has been investigated, and its implications in the
performance of a WDM system were analyzed as well.
Using numerical MC simulations, we have calculated
the pdfs of the FWM noise in the space state for the
first time to our knowledge. It was also shown both
by MC simulations and by theoretical considerations
that the pdfin the mark state is not symmetric as had
previously been assumed in the literature. Hence
the proposed model is considered more accurate than
the models used so far. By fitting the data obtained
from numerical simulations, approximate expres-
sions of both pdfs were derived, and diagrams have
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been given that allow the computation of these ex-
pressions, given the number of channels. With
these diagrams, the pdfs can be estimated without
the need to perform any MC simulations. The model
was then used to estimate the performance of a WDM
system for various values of its parameters (fiber
dispersion, channel spacing and input power). The
results obtained can be useful in the design of prac-
tical systems. A comparison of the present model
and two models previously proposed was carried out,
and it was shown that the previous models may not
provide an accurate value for the BER. Finally,
some guidelines for the incorporation of other noises
(thermal and ASE) were presented.

Appendix A. Calculation of the Odd-Order Moments

In this appendix the first two odd-order moments
(I2“*1y of photocurrent I in the mark state are cal-
culated. For u = 0, <12”+1> = (I,,) is given by

<1m>=< Eepqr>=<12d‘”j£ Bl

3 % |p —nllg —nl

X c08(0,4 — en)>
1 dpor
=2 E [pq (B,B,B,)
3 7o LIp —nllg —n|

X (cos(0,, — Gn))} = (A1)

because (cos(0,,,, — 6,)) = (cos(6, + 6, — 6, — 0,)) =
0. However, for u = 1, the third moment <I 3ofl,

is
1 -B,B,B, ?
<Im3> = <[ E T cos(0,,, — en)} >
3 1a |p —nllg —n P
3
B << E epqr) >
par
1 1
? <% €par > 5 <pqr;p’q’r’ (epqr €pgr )>
2
+ § < Z (epqrep’q’r’ep”q”r”)> ) (Az)
pgr#p'q'r'#p'qr"
W|here €pgr = pququB COS( 'par en)/’p - n‘/‘q -
ni.

Using simple mathematical operations, one can
show that the terms in the sums of (A2) have a mean
value of either 1 or 0. Indeed, it is easy to show that
every term of the sums of Eq. (A2) can be expanded
into a linear superposition of terms of the type cos 6 =
cos(a,f, + a0, + a0, — a,0, +...+ a0, +
aq,,eq,, + a, 0, + a,b ,,) Whose mean value Wlﬁ be
either 1if0 = 0 or 0if 6 # 0. The coefficient of every
term of the above type in the superposition is positive.
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For example, working with the terms of the third sum
of (A2), one can write

6=20 +0 -0

par—n p'q'r'—n pra'r—n
=60,+6,—0,—06,+6,+6,—6,—6,—0,— 06,
+60,+0,. (A3)
For the terms for which 7" =n,p =r',p' =r,q = p”,

andq' = ¢", one obtains 6 = 0. As 6 = 0, one has (cos
0) = 1, and the mean value of the corresponding
terms will be 1. For the terms for which all the
phases 6, in 6 do not cancel out (8 # 0), 6 will be given
by a linear combination of the independent random
variables 6,, each of which is uniformly distributed in
[0, 27], and hence {cos 6) = 0. Therefore for these
terms the mean value vanishes. From the above
remarks one can easily conclude that (7,,%) > 0.

The authors thank George Kakaletris for his valu-
able programming assistance.
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