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ABSTRACT

Pairwise comparison is a key ingredient in multi-criteria decision analysis. The
method is based on a set of comparisons conducted by a group of experts, compar-
ing all possible pairs of alternatives involved in the decision process. The outcome
is the estimation of weights determining the ranking of alternatives. In this paper,
we introduce a new framework for the incorporation of confidence levels in pairwise
comparisons, in order to deal with uncertainty issues related to the individual expert
judgments. We discuss how the confidence levels can be related to the probability of
rank reversal by introducing a theoretical model based on the multivariate normal
cumulative distribution function. A comparison between theoretical and numerical
results (Monte Carlo simulations), reveals a very good agreement. The proposed
framework may provide a very good basis for pairwise comparison extensions aim-
ing to provide further information regarding the accuracy for the evaluation of the
final outcome.

KEYWORDS
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1. Introduction

Pairwise comparisons (PWC) are widely used in multi-criteria decision analysis
and have successfully been applied in many practical decision-making problems
[Saaty, 2008a]. The method provides a structured process for the effective ranking
of alternatives and criteria in the context of multi-criteria decision problems, aiming
at identifying the most preferable solution [Triantaphyllou, 2000, Yager, 2004]. Within
PWC, a group of experts is called to participate in structured surveys and compare
the criteria or alternatives in combinations of two rather than ranking them directly,
in order to reduce the influence of subjective point of views.

PWCs are applied on a standalone basis or as an integral part of sophisti-
cated decision making methods, such as the analytic hierarchy process (AHP)
[Saaty, 2008b] in many areas of everyday life including education, health, technology,
energy, etc. [Heldsinger and Humphry, 2010, Anand et al., 2000, Dede et al., 2011,

CONTACT Georgia Dede. Email: gdede@hua.gr
CONTACT Thomas Kamalakis. Email: thkam@hua.gr
CONTACT Dimosthenis Anagnostopoulos. Email: dimosthe@hua.gr



Kok and Lootsma, 1985]. Consequently, the analysis and investigation of its
methodological aspects is an issue of paramount importance. Topics such as
measurement scales, inconsistency aspects, missing judgment estimation and pri-
ority derivation methods have been actively pursued and various approaches have
been proposed to address these problems [Barzilai, 1997, Choo and Wedley, 2004,
Mamat and Daniel, 2007, Kwiesielewicz and Van Uden, 2004, Boender et al., 1989,
Deng, 1999, Mikhailov, 2004, Marimin et al., 2002]. PWCs involve human subjective
evaluation and hence uncertainty may undermine the final outcome. Uncertainty
and inconsistency issues in PWC have been widely studied and several researchers
have attempted to address such crucial aspects in the previous literature. A
variety of models have been proposed to represent uncertainty in PWC and ad-
dress inconsistency issues based usually on probabilities [Durbach et al., 2014,
Eskandari and Rabelo, 2007, Mikhailov, 2004, Banuelas and Antony, 2004,
Hahn, 2003, Zahir, 1991, Saaty and Vargas, 1987], decision weights, preference
weights [Beynon, 2002] risk measures [Millet and Wedley, 2002], interval weights
[Dong et al., 2015, Entani and Sugihara, 2012, Sugihara and Tanaka, 2001], fuzzy
numbers  [Yang et al., 2013,  Ramik and Korviny, 2010,  Sugihara et al., 2004,

Saaty and Vargas, 1987] regression techniques [Alho and Kangas, 1997]
and  consistency  measures  [Siraj et al., 2015,  Koczkodaj and Szarek, 2010,
Limayem and Yannou, 2007, Alonso and Lamata, 2006, Farkas et al., 2003,

Barzilai, 1998, Durbach and Stewart, 2012]. In our previous work [Dede et al., 2016,
Dede et al., 2015], we have considered the impact of uncertainty in PWC, which
originates from the fact that the experts may produce inconsistent pairwise judgments
or that their point-of-views can differ. In this context, we have introduced a numerical
as well as a theoretical model for the evaluation of the probability of rank reversal
Prr in PWC matrices. In many practical circumstances, comparisons may require
extensive knowledge and hence a participant may find himself to be uncertain of
his judgment. In the standard form of PWCs, he has no means to communicate his
uncertainty and hence there is no way in which his certainty level can be taken into
account when considering the credibility of the final outcome. In our present paper,
we provide a sound methodological framework for extending PWCs in order to reflect
the certainty level of the experts.

The basic idea behind our approach is simple: each expert is asked to quan-
tify his confidence level on a particular judgment or a set of judgments, in terms
of a number in the range of 0 to 100%. We then apply a methodological frame-
work that translates the individual confidence levels to a measure on the credibil-
ity of the outcome and more specifically we estimate the probability Prg that the
ranking of at least two alternatives is reversed. The probability of rank reversal
is widely considered as an intuitive measure of the credibility of the final outcome
[Saaty and Vargas, 1984, Saaty and Vargas, 1987, Saaty, 2003, Dede et al., 2015].

To quantify the credibility of the outcome, we may therefore adopt a probabilistic
point-of-view. Each expert m from a group of M (1 < m < M) fills out specific val-
(m)

ues a;; ' in the elements of the pairwise comparison matrices signifying the preference

of option i over option j and we consider these values as realizations of the random

variables Agn) describing the random pairwise comparison matrix A(™ of the m'®

expert. The values al(;-n) are usually discrete. For example ag;-n) € {%, %, ey 1,2 ...9},

when the original nine-level scale is applied [Saaty and Vargas, 1987]. The expert also
provides the certainty level CZ(-T) of his judgment from 0 to 100% which readily trans-



lates to the probability that the element of the random matrix Ag;n)

equal to az(»;-"), ie. P{Agn) = ag-")} = cz(;n) where 0 < cz(;n) < 1.1If cg;n) < 1, we
expect that there will be a non-zero probability that P{Ag.n) = 3:} for at least one
other value x in the nine-level scale used in the comparisons. The sum of all proba-
bilities P{A(m) = x} should be equazl ‘)co LY. P{Agn) = x} = 1. We also expect

ij
P{Aij = az(;n } > P{Ag;n = x} Taking into account the unity sum of all probabili—
ties, we readily obtain 1 =) P{Agn) =z} <Y, P{Agn) } Nelc ) where
N, are the number of possible values for (N = 17 for the nlne—level scale). We
therefore deduce that CE?) > 1/Ng, i.e. cg;n) is always larger than or equal to 1/Ng
which is the probability of choosing the value indifferently, without any preference.
Using PWCs, one can determine the priorities of the alternatives w; (Section 2.1),
corresponding to the pairwise comparison elements al(-;n) completed by the experts.
Under the probabilistic framework, w; are realizations of the random variables W;
which depend on Agn). The probability of rank reversal Pry is the probability that the
ranking obtained by W; will be different than that obtained by w;. If the values of the
PRrgr is high, then the outcome cannot be trusted and the decision maker needs to take
measures for increasing the credibility, i.e. by increasing the number of participants.

In this paper, we show how this ”macroscopic” credibility measure, i.e. the Prgr can

will actually be

that the expert completed the value a;. ' which he considers the most probable, hence

be related to the ”microscopic” measures such as the confidence level cz(;n). In this
work, we propose an intuitive probability distribution for the elements of the pairwise
comparison matrices A( ™) that can be readily determined by the input provided by the
experts. Based on our prev1ous work on the general weight statistics [Dede et al., 2016],
we calculate the weight covariance and show how the multivariate normal cumulative
distribution function (MVNCDF) can be used to derive an analytical model for the
estimation of the Prr. Although this could in principle be carried out using numerical
schemes such as Monte-Carlo (MC) simulation, in practice it is often much better,
if possible, to use some analytical technique for evaluating the Pryr. This is because,
analytical methods are usually much faster than brute-force simulations and at the
same time offering a useful insight while constituting a basis for further extending
the framework. We compare the values of the Prr against numerical simulations and
obtain excellent accuracy. We also discuss another extension of the method where,
based on the extra information regarding the confidence levels of each expert judgment
contained in cg-n), one could adopt a “screening” strategy. Throughout our framework
we provide analytical formulas for the various parameters involved in the calculations,
therefore limiting the application of numerical methods to the calculation of the Prr
itself. In other words, by omitting a set of uncertain judgments, we may hope to reduce
the probability of rank reversal and hence improve the credibility of the outcome.
Our model can be readily used to evaluate the gain by such strategies. We believe
that our results are very useful and can be applied to many multi-criteria decision
making frameworks in order to estimate the credibility of the intermediate stages of the
process. [Stam and Silva, 1997] have previously analyzed stochastic priority vectors in
PWC using multivariate normal distributions. In this paper, we extend the concept
of this work and propose an additional framework to incorporate the confidence levels
in the PWC. More specifically, we introduce confidence levels instead of confidence
intervals, we estimate the overall Prr instead of the estimation of Prgr between only
pairs of criteria/alternatives and we provide a more general framework taking into



account multiple experts which is usually adopted in practice, rather than just a single
expert. Although in our work we consider the exponential distribution for modelling
the uncertainty in the expert judgements, our framework can be easily generalized for
other distributions as well as long as the Gaussian distribution can be postulated from
the central limit theorem [Rice, 2006]. Moreover, we provide a thorough discussion
of the application of the MVNCDF that could take into account possible correlation
between the expert judgements, although further analysis is outside the scope of the
paper. Finally, we show how thresholds can be applied in order to reduce uncertainty
in the pairwise comparison matrices.

The rest of the paper outline is analyzed as follows: In Section 2, we describe the
proposed framework based on the confidence levels in the opinion of experts. We also
estimate the credibility of the results and evaluating Prpr as a metric for uncertainty.
In Section 3, we validate our framework by comparing the results obtained by the the-
oretical model against MC simulations under various circumstances. Finally, Section
4 provides some concluding remarks.

2. Description of the framework

2.1. Estimation of the Prr

In our previous work [Dede et al., 2016], we provided the general theoretical frame-
work for estimating the probability of rank reversal through the MVNCDF. In this
subsection, we briefly summarize our earlier findings that will be used in this work.
The commonly used geometric mean method [Saaty, 2008a] can be used to elicit the

weights w,im) for the m' expert as follows:

N ¥
- (Hai?) 1)
p=1

where N is the number of alternatives. The overall priorities wy, are calculated through

(m)

the geometric mean of w;, ",

M yri M N S
v (o) = (T4 ®
m=1

m=1p=1

where M is the number of experts. When prioritizing the alternatives, one can estimate
the logarithmic weights,

1 M N
zk:lnwk—M—ZZ nakp (3)



The random variables Wy, follow from (2) by simply replacing the values a,(g) by the

(m)

random variables Akp ,

1

Wi = MlN( 11 HA;;?’) (4)

m=1p=1

It is reasonable to assume the experts to carry out their judgments independently
of each other (for simplicity reasons the violation of independence is not examined)
and hence A,(cm) can be assumed independent of each other. The logarithmic random

weights are determined by:

1 M N
Zp =InW), = Wz S maAp (5)
m=1p=1

We also define the difference §Z, = Zj — z, between the random weight and the
estimated logarithmic weight z; calculated by the data completed by the experts. Ac-
cording to (5),(3) 6Z = Zr— 2, are a sum of a large number of nearly statistically inde-
pendent random variables. In the case where N M is finite, then the Gaussian statistics
are still a good approximation, provided that N M is large enough [Dede et al., 2016].

The probability of rank reversal Prr can be estimated as follows: assuming for
simplicity that the alternatives C; are labeled so that C7 has the largest weight wi, Cs
the second largest and so on. This implies that z;41 < z; for 1 < j < N. The ranking is
preserved if Z;,1 < Z; for 1 < j < N. Denoting 67, = Zj, — 2, the previous inequality
translates to 0Z; — 0Zj41 > zj41 — z;. Hence the probability of rank reversal can be
estimated as:

Prr=1—P{ty > 20 — 21, e, by > 241 — 2k} (6)
where
th = 0241 — 0Z. (7)

Since §Zj, are Gaussian, t; will also be Gaussian and therefore (6) is given from the
MVNCDF of ¢}, provided that the mean values p;, =< t;, > and the covariances Ry, =<
(tk — px) (tp — pp) > of ty, are determined. Once these statistical parameters are known,
a variety of methods can be used to estimate the MVNCDF [Genz and Bretz, 2002]. In
the following sections, we will apply this general framework to evaluate the Pry given
the pairwise comparison and the confidence level matrices a™ and ¢(™), respectively.

2.2. Confidence levels in the opinion of experts

Along with the pairwise comparison matrices a(™) = [ag-n) | the experts complete the
confidence level matrices c(”™) = [cgn)] where cz(-;n) designates the confidence level of the
m' expert regarding his comparisons for the importance of C; over C;. The matrix
c(™ should be symmetrical (Hermitian) since when the level of certainty is the same

when comparing C; with C; or C; with C;. The diagonal elements of the pairwise



(m)
should also be one. The confidence level matrices ¢(™ therefore have the following
form:

comparison matrices are always equal to one and hence the diagonal elements ¢

(1 : ngn) . c?]nvz

m 1 ... ey

o™ =[] |2 o (8)
chV) cén]\lf) . 1

Much like the case of the pairwise comparison matrices, the expert needs only to
complete the elements of ¢(™ located on the upper triangular part of the matrix. As
(m)]

discussed in the introductory section, we may consider that the matrices a(™) = [ai ;

are instances of the random matrices A (™) = [Al(;n)] In order to describe the statis-
tics of AE;n) we need the probability distribution P{Agn) = m} = pg.n) (z). One could

have the experts fill out the values of pg-n) () themselves for every x in addition to
the pairwise comparison matrices but this will require a lot of additional information
and may render the process impractical. It is best if we simply choose an intuitive
distribution that can be determined by the the pairwise and the confidence level ma-
trices a™ and ¢(™, respectively. Alternative types of distributions could also be used,
since the estimation of Prr based on MVNCDF is independent of the applied distri-
butions, as shown in Section 2.4. In this context, if the exponential distribution is
not adopted, then most of the results of the paper will still apply since the distribu-
tion of the logarithmic weights will still be Gaussian as a consequence of the central
limit theorem [Rice, 2006]. The proposed distribution should of course be such that

pg-ﬂ) (al(-;-ﬂ)) = CZ(-;%). We propose an exponentially decaying distribution pl(;-n) () oc A7
with the distance u = i, —i,| between the positions i, and i, of x and c?jl, respectively

in the nine-level scale. Figure 1 shows an example of this probability distribution when

al(;-n) =3 and cz(;n) = 0.6. The distribution is determined by the equation,

m(.y — .(m) (m)
pij(x) = Cij ~ €XP (_hij u) 9)

To calculate u = |iy —i4|, we number all elements z of the nine-level scale %, %, e ,9}
and calculate the difference between the indices ¢, and i, corresponding to z and

g-n) , respectively. For example, we find that the value agn) = 3 is the 11*" element of

é, %, cee 9} and hence i, = 11, while the value z = % is the 7" element, hence i, = 7.

The distance between the positions of the elements is therefore u = |i; —i4| = 4. The

a

parameter hg»n) in (9) determines the decaying rate of the exponential distribution and
is chosen so that the sum of all probabilities is equal to unity, i.e.:

S=3 p @) =1 (10)

We will discuss how hg-n) can be calculated in the following section. The exponential

distribution represents an intuitive model where the elements directly adjacent to az(;n)
(m)

may occur with much higher probability than the elements situated far from a;;
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Figure 1.: Example of the proposed probability distribution p;;”(z) when a;;" =

and cl(;-n) = 0.6.

This distribution seems as the most suitable since pg-n)
geometrically as x is moving away from al(;-n). For example, we consider the case where
Ejm) = 3 and cg;n) = 60%, then according to Figure 1, the elements © = 2 or © = 4
directly adjacent to ag;n)
x = 1 and x = 5 have probability 3.75% while the outer elements 1/9 or 9 have
negligible probability to occur.

(x) is expected to be reduced

a

= 3 have a probability of 15%, the second nearest elements

2.3. Determination of the exponential distribution
(m)
ij

can be done numerically with a variety of methods [Hildebrand, 1987]. However in this
paper, we are interested in providing analytic formulas so that the application of the
framework does not require the application of numerical techniques which require

code implementation. We can estimate the sum analytically since for the exponential
(m)
ij -

To estimate h,. ’ we can use (9) and fit hl(-;-n) so that |S—1| is minimized. This procedure

distribution we obtain the sum of two geometric series to the left and the right of a
Substituting (9) into (10), we readily obtain,

(11)

where:

2 = exp(—h{") (12)

In order to have S = 1 we therefore need to solve the following polynomial equation:

, , 1 1
A8t 4 pie [ 14— |4 [1——]=0 (13)
] ¥
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Figure 2.: The values of the single real root zy of the polynomial in (13)

For every integer 1 < i, < 17 and every level % < cg;n) < 1, we have numerically

confirmed that there is always exactly one positive real root zy which is smaller than
unity, 0 < zg < 1. Figure 2 shows the values of zy obtained numerically for the intervals

in question. The values of pm)

(]
20, hg-n) = —In zp. We can also find some approximation for the roots shown in Figure

2 in order to avoid the numerical solution every time. For example, we have found that
for the inner scale elements (i.e. al(;n) # 9 and al(;n) #* % or equivalently i, # 1 and

can be obtained simply by taking the logarithm of

iq # 17) and for an) = ¢ where 0.5 < ¢ < 0.95, i.e. confidence levels ranging from 50%
to 95%, the roots can be well approximated by a polynomial function of two variables,

20 & Py(c, h) ~ 0.22¢2h* — 0.4ch® + 0.19h* + 0.37¢* — 1.2¢ 4 0.83 (14)
where h = (i, — 9)/9 is the normalized index of the scale element. In the case of
the outer scale elements (i.e. ag;n) =9 or al-;-n) = % in which case i, = 1 or i, = 17

respectively) we can approximate the root with the following polynomial,
20 ~ Pi(c) = 0.64¢*> — 1.7¢ + 1.08 (15)

The coefficients of the polynomials in (14) and (15) were estimated by fitting the data
with second order polynomials in two or one dimensions respectively in the least-square

sense. We have found that they approximate the root zg with an average error of less
(m)

than 4% and provide a straightforward means of evaluating h;; " since they do not

entail any actual root estimation for the polynomial in (13).

2.4. Weight covariance

As stated in Section 2.1, we need to know the mean values pp =< t; > and the
covariances R\ =< (t, — pus)(tx — px) > in order to calculate the probability of rank
reversal Prr. We evaluate these based on the model presented in Section 2.2. Taking



into account (7), we obtain:

e = (i) = (6 Zp1) — (6Z) (16)

while
Rix = (titr) — (te){(tn) = Ten — Ter—1 — Tacip + Tro12-1 (17)

where 7;; = <5Z¢5Zj> - <(5ZZ-><5Zj> are the elements of the covariance matrix of the
variables § Z;. Using (5) and (3) we readily find that:

M N
02y, = LM Z Z lnA(m In a,(;;)} (18)

Taking the expected value of both sides in (18), we have:

(62y) = NM Z Z{lnM(m ma{"} (19)

m=1 p=1

)

where M é;z) is the expected value of In Ag; which is given by:

MIEZL) = <lnA Zpkp )Inz (20)

and the sum runs over all elements x of the 9-point scale. We can also infer that:

Fox = NMQZ{ M£$>]} NWZ{ - é’;”]?} (21)

where N ,5;1) is the expected value of (In A,i?ﬁ

N™ = <lnAm) Zp )(In z)? (22)

kp

Equations (16)-(22) determine the covariance matrix and hence the MVNCDEF that
can be used to provide an estimate for the Prg.

2.5. Model application

To summarize the proposed procedure in practical situations, in contrast to tra-
ditional decision problems which involve pairwise comparisons and ask the ex-
pert to fill in the PWC matrices, crisp and fuzzy intervals or confidence in-
tervals, here the experts have to complete the pairwise comparison matrices
alm — [az(;n)] and the corresponding confidence level matrices ¢(™) = [cgn)]
The PWC matrices can be filled in using a variety of scales that have already

been introduced (e.g. nine-level scale [Saaty and Vargas, 1987], logarithmic level scale



[Ishizaka and Labib, 2011] percentage [Gerdsri and Kocaoglu, 2007]). In this paper,
the nine-level scale {9, S 1,2, 9} is used as a simple accepted scale for this kind
of decision making problems As far as the confidence level matrix is concerned, each

(m

expert m fills in degrees of their certainty Cij ) for the corresponding value of their

PWC matrix ag. ). This degree of certainty or confidence level for each possible as-
signment can be defined in multiple ways. For example, it may be derived using a
direct rating approach, which consists of asking the expert to assign a percentage
value ranged between [0 100%)]. If the confidence level is close to 100% then the expert
feels more safe and sure for his PWC judgment. For example, if an expert gives a PWC
judgment value 7 and a confidence level 90%, then this means that he is almost sure
for the judgment he provides. Otherwise, if he gives a confidence level of 60% then his
certainty is not so strong. This is the way followed in this paper. However, since this
framework is distribution independent then the confidence levels can also be elicited
in terms of intervals as [Stam and Silva, 1997] proposed.

After have filled in the matrices a™ and ¢(™), we then estimate the probability

distributions pl(]m)(x) using the method outlined in Section 2.3. The dampening factors

hgn) can be obtained by the approximate equations (14) and (15). The next step is to

estimate the mean values p; and covariance matrix elements R) using the equations
presented in this section. We then apply the MVNCDF in order to obtain an estimate
for the probability of rank reversal Prr according to (6).

We also investigate the accuracy of our model in alternative settings such as the
acceptance or rejection of pairwise comparison judgments when the confidence level

is lower than a given threshold level t.. This is an attempt to screen out judgments

ar) (max)

which have low confidence level c(m) < tc c(m where c; ] is the maximum certainty

(maa:)

level for this particular judgment, Cij = maxm{c m) } In the case where c(l) <

@

(maz) o replace all a; i

teCi; with the geometrlc mean of all the corresponding remaining

judgments of the other experts a( ) , 1 < b< M and consider that the confidence level
(b) s

for this judgment ¢y 1s the mean confidence level from the corresponding remaining
judgments. This of course is by no means the only one strategy and other alternative
schemes can also be assumed.

Moreover, when applying the model, instead of having the experts complete the

(m)

pairwise comparison matrices ¢(™ we could ask them on their confidence level c;
when judging the alternative C;. We could then calculate c( ™) as c(m) c(m)c(-m) and
apply the theoretical model described above for the calculatlon of PRR ThlS leads to
less information being collected by the experts which further enhances the practical
application of the method in the case where the number of alternatives is large at the
expense of less detailed confidence level designation.

Note that the incorporation of the confidence level is done for each expert separately
so that the estimation of the Prp reflects the confidence levels of each of the judgments
of the experts. One could think of combining the confidence levels cl(-m) of each expert
to calculate an average confidence level ¢;; for each judgment and then use these
averages when estimating the credibility of the final outcome. However, it is not clear
how ¢;; can be consistently calculated from cg;n) and we plan to investigate this in a
future publication. In any case, even if one somehow calculates these average levels c;;

() and use them to estimate the PRrr, it is still imperative to ask the experts

ij
for their individual confidence levels cg-n)

from c;

so not much will be gained in the method’s

10



practical application.

A repository on github [https://github.com/gdede hua/confidencejevelssramework:,]
has been also created, which contains the main functions used in this framework. This
repository also includes an example with M =4 experts and n=4 criteria and their
pairwise comparison matrices as well as the corresponding confidence levels matrices.
The estimated Prr (~14%) is also presented.

3. Results and Discussion

3.1. Gaussian statistics

Before establishing the accuracy of calculating the probability of rank reversal using
the MVNCDF following the framework outlined in Section 2, it is useful to ascertain
whether the logarithmic weights Zj given by (5) are indeed approximately Gaussian
random variables. To do so, we use Monte-Carlo (MC) simulation. We first generate
M random matrices a(™ = [ag-n)] along with M uncertainty matrices cm = [cgjm)]
corresponding to a group of experts and estimate the logarithmic weights z; accord-

ing to (3). The elements cl(-;n) are randomly generated using a standard uniform dis-
tribution in the interval [1/17,1]. We then perform a large number of Nyc(> 10%)

. . . . . . . m .
MC simulations and in each iteration, we determine an instance of Aij , according

to the probabilities pgn) () estimated in (9). These instances are calculated using a
commonly known algorithm for obtaining the samples of a discrete random variable
[Beaumont, 2005]. In essence, we divide the interval [0 1] into 19 sub-intervals [0 P;),
[P1 Ps), ..., [Pu—1 Py),..., [P1g 1], where P, = P{Ag.n) < x#} stands for the cu-
(m)
ij

scale. We then generate a uniform random variable V' inside the interval [0 1] and
we determine in which interval it belongs. If it belongs to the ™ interval [P,—1 P,)

mulative probability of A and z, are the consecutive elements of the nine-point

then we assign the value z, to this instance of AZ(.;n). The obtained matrices A(™) are
checked for consistency according to the criteria set by [Saaty, 2003]. If a matrix is not
consistent, it is discarded and calculated again, until we obtain a consistent matrix
[Dede et al., 2015].

We then use (5) to estimate the logarithmic weight Zi' for the present iteration p,
1 < p < Nyic. If the number of iterations Nyc is large enough, we can approximate
the probability density function (PDF) of Zj, by the histogram of its realizations Z%.
Figure 3 shows the PDF of a typical logarithmic weight obtained by the MC scheme
assuming N = 4 criteria, M = 15 experts and that cgn)
inside [1/17 1] with a uniform distribution as discussed in the previous paragraph. We
also show the Gaussian fit to the numerically computed PDF which is a very accurate
approximation, indicating that the weights are Gaussian-distributed. Similar results
are obtained for the other weights as well as for other values of N and M.

are initially uniformly chosen

3.2. Validation of Prr model

Now that the Gaussian approximation has been validated in Section 3.1, it is time
to compare our theoretical model for relating the probability of rank reversal to the
confidence levels discussed in Section 2 against a numerical scheme based on MC
simulations. We examine the effect of several parameters such as the number of criteria

11
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Figure 3.: Comparison of the numerically computed PDF of Z; and its Gaussian fit.

N and the group of experts M in the accuracy of the model. The MC simulations used
in this section are similar to those presented in Section 3.1 except that now we also
iterate over the generation of the initial matrices. In each iteration ¢ of the outer

loop, we generate groups of M PWC matrices a(™m?) = [al(.;.”q)] and M confidence level

matrices ¢(M9) = [cl(.;mﬂ]. Using (3) we can obtain the weights zZ corresponding to

each group of matrices a™®@ . In the inner loop, we then perform the MC iterations
described in Section 3.1 and obtain the random weights Z,fq where as before p denotes
the inner iteration. We then count the number Njiy of times that the weights Z;? have
different ordering than that obtained by zg. After completing the inner iterations, the
numerical estimate of probability of rank reversal PI%UM at the ¢'" outer iteration is
obtained as,

Pq _ Ng{R
NUM T o (23)

We then calculate the theoretical estimate P%HE based on the MVNCDF as outlined in
Section 2.5. The mean numerical and theoretical probabilities of rank reversals Pryg
and Pnywm are obtained as the averages of P%HE and PI%UM respectively,

Q
1
Prug = a Z P"IZ‘HE (24)
q=1
1 Q
Pyum = @ Z Pl%UM (25)
q=1
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where @ is the total number of outer iterations. We also define the mean relative error
€ between the two probability estimates,

i (26)
g=1 NUM
AM=4
M=4 0.11
03
028 0.1 b
0.26 0.00
5 024 w
S 022 0.08
0.2
018 0.07
0.16 L.
0.06 .
4 6 8 4 6 8
N
(a) (b)

Figure 4.: (a) Prr and (b) € as a function of the number f criteria for M = 4 experts
obtained by the MVNCDF and MC simulations.

To ascertain the accuracy of the theoretical estimation of the Prgr, one can check
the agreement between Pyun and Prpg as well as the value of €. Figure 4 shows the
values obtained for these quantities when the matrices a(™@ are randomly generated
consistent matrices and ¢(™% are generated as in Section 3.1. In the figure, we consider
three different values of N < 8. The model easily allows to consider cases where
N > 8, but in practical situations, that many criteria result in a large number of
pairwise comparisons required. In Figure 4a, we readily see that the values of Prgr
obtained by the MVNCDF or the numerical scheme are fairly close indicating that
our theoretical model can indeed accurately estimate the probability of rank reversal
even for a small number of experts. This is also evidenced by the low values of €
obtained in figure 4b. We also note that as the number of criteria N increases, the
PRrr is also increased, which is to be expected, since rank reversal is typically easier
to occur for a larger number of criteria. For N = 4, Prg is lower than 5%, while for
a larger number say N = 6, the Prg is almost 26%. The accuracy of the MVNCDF
is very good regardless of the number of criteria, since according to Figure 4b there is
no more than 10% relative error in the estimation of the probability estimate, which
is certainly acceptable from an application point-of-view.

In Figure 5a, we typically vary the number of experts M from 4 to 24 for N = 4
criteria. Inspection of the results reveals a very good agreement between the MVNCDF
and the MC simulations for both smaller and larger groups of experts participating in
the decision making process. The probabilities of rank reversal initially decrease rapidly
at small values of M but gradually, the rate of decrease is reduced. This is consistent
with the convergence properties of the probability of rank reversal [Dede et al., 2016].
Figure 5b also presents the mean absolute error, which seems to be lower than 6%
even for a small group of experts participating in the PWC process. Interestingly
enough the relative error is reduced as more experts are added to the group. This is
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Figure 5.: (a) Prr and (b) €, as a function of the group of experts M obtained by the
MVNCDF and MC simulations for N = 4 criteria.

a consequence of the fact that for larger M the Gaussian approximation works even
better, since more terms are added in the sum of (5).

In order to test the accuracy of the model at even lower confidence levels, we consider
(mq)
j

factor 0.5 < F < 1 and replacing CE;W) with F cz(;nq)' In case where F CE;WI) is lower

than 1/17, this value is discarded and we choose chmq) = 1/17, in accordance with

the description analyzed in Section 2.3. In Figure 6, we show the results obtained in
this case. The figure illustrates a very good agreement between the MVNCDF model
and the MC simulations, even at small confidence levels (F' = 0.5). It also seems that
as the experts feel more certain about their judgment (the factor F' is increasing)
the probability of rank reversal becomes smaller reflecting the situation that is to be
expected in practice. These conclusions hold for both N =4 and N = 6 as shown in
the figure.

the effect of multiplying ¢ of all pairwise judgments of the experts with the same

0.5

——N= (P )

0. 1 L L 1
%).5 0.6 0.7 0.8 0.9 1
Factor

Figure 6.: Prr as a function of a multiplicative factor for the confidence levels for
M = 4 experts.

It would also be interesting to further investigate its accuracy under different cir-

cumstances such as the adoption of screening out judgments by defining threshold
levels t., as analyzed in Section 2.5. For the screening method in question, we again
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Figure 7.: Prr for N = 4 as a function of (a) different ¢. for M = 4, (b) the number
of experts for t. = 0.5.

estimate the Prr by using either the theoretical model or the MC simulations. In
Figure 7a, the Pry for several threshold coefficients is depicted for a number of N =4
criteria and M = 4 experts. Inspection of the results reveals a very good agreement
between the theoretical and the numerical procedure in this case as well. It is also
interesting to notice that as the value of the threshold coefficient is increased, the Prgr
is decreased. This is to be expected, since assuming larger t. corresponds to accepting
fewer judgments which have higher certainty. One should however bear in mind that
the outcome is now based on the opinion of fewer experts on the average and it may
be imperative to include more experts with high confidence levels in the comparisons.
In Figure 7b, we present the Prr by varying the number of experts for a threshold co-
efficient of 50% (t. = 0.5). It seems once again that the Prr converges after a number
of 15 experts and the results comparing MVNCDF and MC are very again very close,
proving the validity of the theoretical model.

4. Conclusions

In this paper, we have introduced a new framework against uncertainty in PWC ma-
trices by incorporating the confidence levels in the pairwise comparison process. The
method is based on the experts providing the confidence levels for their judgments.
In this context, we presented a theoretical model for relating the “microscopic” confi-
dence levels to the probability of rank reversal which is a “macroscopic” measure for
the credibility of the outcome. We showed how the probability of rank reversal can
be calculated accurately based on the MVNCDEF of the successive average logarith-
mic weight differences, taking into account the confidence levels without resorting to
Monte-Carlo iterations. Comparing the results with those estimated using a numerical
model, we observed a very good agreement between the two approaches. The proposed
approach is therefore an extension of the existing pairwise comparison method pro-
viding a way of incorporating the confidence levels in the judgments and assess the
reliability of the end result.

As ideas for future studies, it would be interesting to investigate the combination
of the confidence levels of each expert towards estimating an average confidence level
for each judgement. Another future direction would be to account for some ordinal
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judgments in the confidence levels instead of numbers, such as certain, uncertain,
etc. Finally, it would be interesting enough to investigate the robustness of the final
outcomes to possible violations of the independence assumption defined for the experts
judgments in this framework.
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